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PREFACE. 



The present work on Plane and Spherical Trigo- 
nometry is designed as a text-book for High Schools, 
Academies, and Colleges. It is a brief practical course, 
intended for those who wish to learn the elements of 
Trigonometry, which subject it covers as far as to 
the end of the solution of Spherical triangles. The 
aim has been to give simple and elementary demon- 
strations, to make the subject clear and interesting to 
the learner, and to furnish only so much of Trigo- 
nometry as is actually taught in our best Colleges. 

The examples are very numerous and for the most 
part easy, and are carefully selected, so as to illus- 
trate every part of the subjeot. Those at the ends 
of the chapters are progressive, and arranged so as 
to give the student a thorough drill in trigonometric 
work and in numerical computation. Especial atten- 
tion has been given to the numerical solutions of 
triangles, each case being treated in detail. 

It is assumed in this work that the student has 
received from Algebra a knowledge of the nature 

• « • 

in 



iv PBEFACE. 

and properties of logarithms, sufficient for practical 
application to the solution of triangles by means of 
logarithmic tables. 

My thanks are due to those of my friends who have 
kindly assisted me in reading the MS. and correcting 

the proof-sheets. 

E. A. B. 

Rutgers College, 

New Brunswick, N.J., May, 1892. 
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CHAPTER I. 
MEASUREMENT OF ANGLES. 

L Trigonometry is that branch of mathematics which 
treats (1) of the solution of plane and spherical triangles, 
and (2) of the general relations of angles and certain func- 
tions of them called the trigonometric functions. 

Plane Trigonometry comprises the solution of plane trian- 
gles and investigations of plane angles and their functions. 

Trigonometry was originally the science which treated only of the 
sides and angles of plane and spherical triangles; hut it has been 
recently extended so as to include the analytic treatment of all theo- 
rems involving the consideration of angular magnitudes. 

2. The Measure of a Quantity. — All measurements of 
lines, angles, etc., are made in terms of some fixed standard 
or unit, and the measure of a quantity is the number of times 
the quantity contains the unit. 

It is evident that the same quantity will be represented 
by different numbers when different units are adopted. For 
example, the distance of a mile will be represented by the 
number 1 when a mile is the unit of length, by the number 
1760 when a yard is the unit of length, by the number 5280 
when a foot is the unit of length, and so on. In like man- 

1 



2 PLANE TRIGONOMETRY. 

ner, the number expressing the magnitude of an angle will 
depend on the unit of angle. 

EXAMPLES. 

1. What is the measure of 2\ miles when a yard is the 
unit? 

2£ miles = f x 1760 yards 

= 4400 yards = 4400 x 1 yari 

.*. the measure is 4400 when a yard is the unit. 

2. What is the measure of a mile when a chain of 66 feet 
is the unit ? Arts. 80. 

3. What is the measure of 2 acres when a square whose 
side is 22 yards is the unit ? Ans. 20. 

4. The measure of a certain field is 44 and the unit is 
1100 square yards ; express the area of the field in acres. 

Ans. 10 acres. 

5. If 7 inches be taken as the unit of length, by what 
number will 15 feet 2 inches be represented ? Ans. 26. 

6. If 192 square inches be represented by the number 12, 
what is the unit of linear measurement ? Ans. 4 inches. 

3. Angles. — An angle is the opening between two straight 
lines drawn from the same point. The point is called the 
vertex of the angle, and the straight lines are called the sides 
of the angle. 

An angle may be generated by revolving a line from coin- 
cidence with another line about a fixed point. The initial 
and final positions of the line are the v b 
sides of the angle; the amount of 
revolution measures the magnitude of 
the angle ; and the angle may be traced 
out by any number of revolutions of 
the line. ° A 

Thus, to form the angle AOB, OB may be supposed to 
have revolved from OA to OB ; and it is obvious that OB 
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may go on revolving until it comes into the same position 
OB as many times as we please ; the angle AOB, having the 
same bounding lines OA and OB, may therefore be greater 
than 2, 4, 8, or any number of right angles. 

The line OA from which OB moves is called the initial 
line, and OB in its final position, the terminal line. The 
revolving line OB is called the generatrix. The point is 
called the origin, vertex, or pole. 

4. Positive and Negative Angles. — We supposed in Art. 
3 that OB revolved in the direction opposite to that of the 
hands of a watch. But angles may, of course, be described 
by a line revolving in the same direction as the hands of a 
watch, and it is often necessary to distinguish between the 
two directions in which angles may be measured from the 
same fixed line. This is conveniently effected by adopting 
the convention that angles measured in one direction shall 
be considered positive, and angles measured in the opposite 
direction, negative. In all branches of mathematics angles 
described by the revolution of a straight line in the direc- 
tion opposite to that in which the hands of a watch move 
are usually considered positive, and all angles described by 
the revolution of a straight line in the same direction as the 
hands of a watch move are considered negative. 

Thus, the revolving line OB starts from the initial line 
OA. When it revolves in the 
direction contrary to that of the 
hands of a watch, and comes into 
the position OB, it traces out the 
positive angle AOB (marked + a) ; 
and when it revolves in the same 
direction as the hands of a watch, 
it traces the negative angle AOB (marked — 6). 

The revolving line is always considered positive. 

5. The Measure of Angles, — An angle is measured by 
the arc of a circle whose centre is at the vertex of the 
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angle and whose ends are on the sides of the angle (Geom. 
Art. 236). 

Let the line OP of fixed length generate an angle by 
revolving in the positive direction 
round a fixed point O from an initial 
position OA. Since OP is of constant 
lengthy the point P will trace out the 
circumference ABA'B' whose centre A'l 
is 0. The two perpendicular diam- 
eters AA' and BB' of this circle will 
inclose the four right angles AOB, ^ 

BOA', A'OB', and B'OA. 

The circumference is divided at the points A, B, A', B r 
into four quadrants, of which 

AB is called theirs* quadrant. 
■ftAj a « u second quadrant. 
A'B'" " " third quadrant. 
jjr^ u u a f ou rth quadrant. 

In the figure, the angle AOP D between the initial line 
OA and the revolving line OP^ is less than a right angle, 
and is said to be an angle in the first quadrant. AOP 2 is 
greater than one and less than two right angles, and is said to 
be an angle in the second quadrant. AOP 8 is greater than two 
and less than three right angles, and is said to be an angle 
in the third quadrant. AOP 4 is greater than three and less 
than four right angles, and is said to be an angle in the 
fourth quadrant. 

When the revolving line returns to the initial position 
OA, the angle AOA is an angle of four right angles. By 
supposing OP to continue revolving, the angle described 
will become greater than an angle of four right angles. 
Thus, when OP coincides with the lines OB, OA', OB', OA, 
in the second revolution, the angles described, measured 
from the beginning of the first revolution, are angles of five 
right angles, six right angles, seven right angles, eight right 
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angles, respectively, and so on. By the continued revolu- 
tion of OP the angle between the initial line OA and the 
revolving line OP may become of any magnitude whatever. 

In the same way OP may revolve in the negative direc- 
tion about O any number of times, generating a negative 
angle ; and this negative angle may obviously have any 
magnitude whatever. 

The angle AOP may be the geometric representative of 
any of the Trigonometric angles formed by any number of 
complete revolutions, either in the positive direction added 
to the positive angle AOP, or in the negative direction added 
to the negative angle AOP. In all cases the angle is said to 
be in the quadrant indicated by its terminal line. 

There are three methods of measuring angles, called 
respectively the Sexagesimal, the Centesimal, and the Cir- 
cular methods. 

6. The Sexagesimal Method. — This is the method in 
general use. In this method the right angle is divided into 
90 equal parts, each of which is called a degree. Each 
degree is subdivided into 60 equal parts, each of which is 
called a minute. Each minute is subdivided into 60 equal 
parts, each of which is called a second. Then the magni- 
tude of an angle is expressed by the number of degrees, 
minutes, and seconds which it contains. Degrees, minutes, 
and seconds are denoted respectively by the symbols °, ', " : 
thus, to represent 18 degrees, 6 minutes, 34.58 seconds, we 
write 

18° 6' 34".58. 

A degree of arc is yj^ of the circumference to which the 
arc belongs. The degree of arc is subdivided in the same 
| manner as the degree of angle. 

Then 1 circumference = 360° = 21600' =1296000". 
1 quadrant or right angle = 90°. 

Instruments used for measuring angles are subdivided 
accordingly. 
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7. The Centesimal or Decimal Method. — In this method 
the right angle is divided into 100 equal parts, each of 
which is called a grade. Each grade is subdivided into 100 
equal parts, each of which is called a minute. Each minute 
is subdivided into 100 equal parts, each of which is called 
a second. The magnitude of an angle is then expressed by 
the number of grades, minutes, and seconds which it con- 
tains. Grades, minutes, and seconds are denoted respect- 
ively by the symbols B , v , vv : thus, to represent 34 grades, 
48 minutes, 86.47 seconds, we write 

34* 48 x 86 N \47. 

The centesimal or decimal method was proposed by the French 
mathematicians in the beginning of the present century. But 
although it possesses many advantages over the established method, 
they were not considered sufficient to counterbalance the enormous 
labor which would have been necessary to rearrange all the mathe- 
matical tables, books of reference, and records of observations, which 
would have to be transferred into the decimal system before its 
advantages could be felt. Thus, the centesimal method has never been 
used even in France, and in all probability never will be used in prac- 
tical work. 

8. The Circular Measure. — The. unit of 
circular measure is the angle subtended at 
the centre of a circle by an arc equal in 
length to the radius. 

This unit of circular measure is called a 
radian. 

Let O be the centre of a circle whose radius is r. 

Let the arc AB be equal to the radius 
OA = r. 

Then, since angles at the centre of a 
circle are in the same ratio as their 
intercepted arcs (Geom., Art. 234), and 
since the ratio of the circumference of 
a circle to its diameter is it = 3.14159265 
(Geom., Art. 436), 
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.\ angle AOB : 4rt. angles : : arc AB : circumference, 

: : r : 2irr : : 1 : 2ir. 

.: angle AOB = 4 rt an g les = 2rtan g les . 

.-. a radian = angle AOB = — — = 57°.2957795 

* 3.14159265 

= 3437'. 74677 = 206264".806. 

Therefore, the radian is the same for all circles, and 
= 57°.2957795. 

Let ABP be any circle ; let the angle 
AOB be the radian; and let AOP be 
any other angle. 

Then arc AB = radius OA. 

.\ angle AOP : angle AOB 

: : arc AP : arc AB ; 

or angle AOP : radian : : arc AP : radius. 

,\ angle AOP = — - — x radian. 

radius 

The measure of any quantity is the number of times it 
contains the unit of measure (Art. 2). 

.-. the circular measure of angle AOP = — - — 

radius 

Note 1. — The student will notice that a radian is a little less than an angle of an 
equilateral triangle, i.e., of 60°. 

Angles expressed in circular measure are usually denoted by Greek letters, a, 0, 

y 4>» 0, ^, .— # 

The circular measure is employed in the various branches of Analytical Mathe- 
matics, in which the angle under consideration is almost always expressed by a 
letter. 

Note 2. — The student cannot too carefully notice that unless an angle is obvi- 
ously referred to, the letters a, 0, ..., 8, 0, ... stand for mere numbers. Thus, «■ stands 
for a number, and a number only, viz., 3.14159 ..., but in the expression ' the angle 
v,' that is, ' the angle 3.14159 ...,' there must be some unit understood. The unit 
understood here is a radian, and therefore ' the angle n * stands for ' n radians ' or 
3.14159 ... radians, that is, two right angles. 

Hence, when an angle is referred to, n is a very convenient abbreviation for 
two right angles. 

So also ' the angle a or $ ' means ' a radians or radians.' 

The units in the three systems, when expressed in terms 
of one common standard, two right angles, stand thus : 



; 
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The unit in the Sexagesimal Method = — - of 2 right angles. 

loll 

* * * ~ Centesimal " __!_««« « 

200 

" » « " Circular " = i " " " " 

If D, G, and denote the number of degrees, grades, and 
radians respectively in any angle, then 

-*=.£_«• (1) 

180 200 t 

because each fraction is the ratio of the angle to two right 
angles. 

9. Comparison of the Sexagesimal and Centesimal Meas- 
ures of an Angle. — Although the centesimal method was 
never in general use among mathematicians, and is now 
totally abandoned everywhere, yet it still possesses some 
interest, as it shows the application of the decimal system 
to the measurement of angles. 

From (1) of Art. 8 we have 

JL=JL 

180 200* 

.-. D = ~G,andG = ^D. 
10 ' 9 

EXAMPLES. 

1. Express 49° 15' 35" in centesimal measure. 

First express the angle in degrees and decimals of a 

degree thus : 

60 ) 35" 

60 ) 15' .583 

49°.25972 
10 

9 ) 492.5972 

54«. 733024-... 

.-. 49° 15' 35"= 548 73V 30^.24 .... 
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2. Express 87* 2 N 25 VN in degrees, etc. 

First express the angle in grades and decimals of a grade 
thus: 

87«2 N 25 VN =87«.0225 
.9_ 

78.32025 
60 

19.215 
60 

12.9 

.-. 87«2 N 25 NN =78°19'12".9. 

Find the number of grades, minutes, and seconds in the 
following angles : 

3. 51° 4' 30". Am. 56* 75 x V \ 

4. 45° 33' 3". 50* 61 x 20 x \37. 

5. 27° 15' 46". 30* 29 x 19 x \75 .... 

6. 157° 4' 9". 174«52 X 12 N \962.... 

Find the number of degrees, minutes, and seconds in the 
following angles : 

7. 19* 45 x 95 x \ Ana. 17° 30' 48".78. 

8. 124* 5 X 8 V \ 111° 38' 44".592. 

9. 55* 18 x 35". 49° 39' 54".54. 

10. Comparison of the Sexagesimal and Circular Meas- 
ures of an Angle. 

From (1) of Art. 8 we have 

180 ir* 

... D= i^ d*=i>. 

ir 180 
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1. Find the number of degrees in the angle whose circu- 
lar measure is I. 

Here = ±. 

2 

.. xj _ x - — 

V & IT 

= ?2_xl = 28° 38' 10'% 

where ^ is used for ir. 

2. Find the circular measure of the angle 59° 52' 30". 

Express the angle in degrees and decimals of a degree 

thus : 

60 )52.5 

59.875 
... = s^ll 7r = (.333...) ,r =1.0453.... 

3. Express, in degrees, the angles whose circular measures 

OVA T T W W « 

M 2' 3' 4' 6' **• 

Note 1. —The student should especially accustom himself to express readily in 
olroular measure an angle which is given in degrees. 

4. Express in circular measure the following angles : 

60°, 22° 30 f , 11° 15', 270°. Arts. |, | -^, ^. 

5. Express in circular measure 3° 12' } and find to seconds 
the angle whose circular measure is .8. 

/"Take w = —•} Ana. ^-, 45° 49' 5"A. 

V 7 J 225 " 

6. One angle of a triangle is 45°, and the circular measure 
of another is 1.5. Find the third angle in degrees. 

Ans. 49° 5' 27"^-. 

Note 2. — Questions in which angles are expressed in different systems of meas- 
urement are easily solved by expressing each angle in right angles. 
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V 

7. The sum of the measure of an angle in degrees and 
twice its measure in radians is 23%; find its measure in 
degrees (w = ^). 

Let the angle contain x right angles. 

Then the measure of the angle in degrees = 90<c 

" « " " " * « « radians = £ x. 

2 

.-. 90x + wx =23^; 
.-. 90a? + tyx =?|5; 

.% 652a? = 163; .\ a? = l. 

4 

.\ the angle is \ of 90° = 22$°. 



IT 



8. The difference between two angles is -, and their sum 
is 66° ; find the angles in degrees. Ans. 38°, 18°. 

11. General Measure of an Angle. — In Euclidian geom- 
etry and in practical applications of trigonometry, angles 
are generally considered to be less than two right angles ; 
but in the theoretical parts of mathematics, angles are 
treated as quantities which may be of any magnitude what- 
ever. 

Thus, when we are told that an angle is in some particu- 
lar quadrant, say the second (Art. 5), we know that the 
position in which the revolving line stops is in the second 
quadrant. But there is an unlimited number of angles 
having the same final position, OP. 

The revolving line OP may pass from 
OA to OP, not only by describing the 
arc ABP, but by moving through a whole 
revolution plus the arc ABP, or through 
any number of revolutions plus the arc 
ABP. 

For example, the final position of OP 
may represent geometrically all the fol- 
lowing angles : 




/ 
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Angle AOP = 130°, or 360° + 130°, or 720° + 130°, or 
- 360° + 130°, or - 720° + 130°, etc. 

Let A be an angle between and 90°, and let n be any 
whole number, positive or negative. Then 

(1) 2 n x 180° -|- A represents algebraically an angle in the 

first quadrant. 

(2) 2n x 180° — A represents algebraically an angle in the 

fourth quadrant. 

(3) (2w + 1) 180° — A represents algebraically an angle in 

the second quadrant. 

(4) (2n -|- 1) 180° -|- A represents algebraically an angle in 

the third quadrant. 

In circular measure the corresponding expressions are 
(1) 2nir+0, (2) 2W7T-0, (3) (2n+l)ir-6, (4) (2n+l)w+6. 

EXAMPLES. 

State in which quadrant the revolving line will be after 
describing the following angles : 

(1)120°, (2)340°, (3)490°, (4) -100°, 
(5) -380°, (6)f«., (7) 10, + J. 

12. Complement and Supplement of an Angle or Arc. — 

The complement of an angle or arc is the remainder obtained 
by subtracting it from a right angle or 90°. 

The supplement of an angle or arc is the remainder 
obtained by subtracting it from two right angles or 180°. 

Thus, the complement of A is (90° — A). 

The complement of 190° is (90° - 190°) = -100°. 

The supplement of A is (180° - A). 

The supplement of 200° is (180° - 200°) = - 20°. 

The complement of \ir is ( ^ — £w ]= — Jtt. 
The supplement of f it is (ir — f v) = \ir. 
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EXAMPLES. 

1. If 192 square inches be represented by the number 12, 
what is the unit of linear measurement ? Ans. 4 inches. 

2. If 1000 square inches be represented by the number 
40, what is the unit of linear measurement ? Ans. 5 inches. 

3. If 2000 cubic inches be represented by the number 16, 
what is the unit of linear measurement ? Ans. 5 inches. 

4. The length of an Atlantic cable is 2300 miles and the 
length of the cable from England to France is 21 miles. 
Express the length of the first in terms of the second as 
unit. Ans. 109^-. 

5. Find the measure of a miles when b yards is the unit. 

A 1760a 
Ans. — - — • 

b 

6. The ratio of the area of one field to that of another is 

20 : 1, and the area of the first is half a square mile. Find 
the number of square yards in the second. Ans. 77440. 

7. A certain weight is 3.125 tons. What is its measure 
in terms of 4 cwt.? Ans. 15.625. 

Express the following 12 angles in centesimal measure : 



8. 


42° 16' 18". 


Ans. 46« 95\ 


9. 


63° 19' 17". 


70*35 N 70 N \98.... 


10. 


103° 15' 45". 


114* 73 N 61 N M. 


11. 


19° 0'18". 


21« ll v 66 N \6. 


12. 


143° 9' 0". 


159* 5 N 55 V \5. 


13. 


300° 15' 58". 


333« 62 v 90 N \i234567890. 


14. 


27° 41' 51". 


308.775. 


15. 


67°.4325. 


74«925. 


16. 


8° 15' 27". 


98 17 v 50 x \ 


17. 


97° 5' 15". 


1078 87 N 50 v \ 


18. 


16° 14' 19". 


188 4 V 29 VN .... 


19. 


132° 6'. 


1468 77 v 77 N \7. 
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Express the following 11 angles in degrees, minutes, and 
seconds : 



20. 10P5P7ff\ 

21. 82« 9 V 54 X \ 

22. 70* 15 s 92 x \ 

23. 15« X 15*. 
24 154* 7^24*. 

25. 324*13*88*7. 

26. 10* 42 x 50 x \ 

27. 20* 77^ 50 x \ 

28. 8« 75 s . 

29. 170*45*35* 

30. 24« o*2ff\ 



^rw. 94° 58 

73° 53 

63° 8 

13° 30 

138° 39 

291° 43 

9° 22 

18° 41 

7° 52 

153° 24 

21° 36 



29".l. 

9".096. 
35".808. 

4".86. 
54".576. 
29".9388. 
57". 
51". 
30". 
29".34. 

8".l. 



Express in circular measure the following angles : 
31. 315°, 24° 13'. 



, 7 1453tt 
Ans. Jw, • 



32. 95° 20', 12° 5 f 4". 

33. 22£°, 1°, 57°.295. 

34. 120°, 45°, 270°. 

35. 360°, ^ rt. angles. 



10800 
143 it 2719 tt 
270 ' 40500' 



■, 1 radian. 



8' 180 



2.09439, ~, f 7T. 



2 ir, \tt. 



Express in degrees, etc., the angles whose circular meas- 
ures are : 



36- fir, fir, -■ 

* 7 1 1 2 
37 ' 4' 6' 3 

38. -, .7854. 
6 



Ans. 112°.5, 120°, — degrees. 



W 



— degrees, — degrees, degrees. 

V TT IT 



47° 43' 38"^, 45°. 




EXAMPLES. 15 

39. 4£, ^w } 2.504. Ans. 257° 49' 43".39, 15°, 143°.468. 

40. .0234, 1.234, |. 1°20'27", 70°42'11", 38°11'50". 

41. Find the number of radians in an angle at the centre 
of a circle of radius 25 feet, which intercepts an arc of 
37^ feet. Ans. 1|. 

42. Find the number of degrees in an angle at the centre 
of a circle of radius 10 feet, which intercepts an arc of 
5 ir feet. Ans. 90°. 

43. Find the number of right angles in an angle at the 
centre of a circle of radius 3^- inches, which intercepts an 
arc of 2 feet. Ans. 4£. 

44. Find the length of the arc subtending an angle of 
4£ radians at the centre of a circle whose radius is 25 feet. 

Ans. 112£ ft. 

45. Find the length of an arc of 80° on a circle of 4 feet 
radius. Ans. 5fJ ft. 

46. The angle subtended by the diameter of the Sun at 
the eye of an observer is 32' : find approximately the 
diameter of the Sun if its distance from the observer be 
90 000 000 miles. Ans. 838 000 miles. 

47. A railway train is travelling on a curve of half a mile 
radius at the rate of 20 miles an hour : through what angle 
has it turned in 10 seconds ? Ans. 6^ degrees. 

48. If the radius of a circle be 4000 miles, find the length 
of an arc which subtends an angle of 1" at the centre of the 
circle. Ans. About 34 yards. 

49. On a circle of 80 feet radius it was found that an 
angle of 22° 30' at the centre was subtended by an arc 
31 ft. 5 in. in length : hence calculate to four decimal places 
the numerical value of the ratio of the circumference of a 
circle to its diameter. Ans. 3.1416. 

50. Find the number of radians in 10" correct to four sig- 
nificant figures (use ff| for tt). Ans. .00004848. 
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CHAPTER II. 
THE TBIGOUOMETBIO PTnTOTIONS. 

13. Definitions of the Trigonometric Functions. — Let 
RAD be an angle ; in AD, one of the lines containing the 
angle, take any point B, and from B 
draw BC perpendicular to the other 
line AR, thus forming a right triangle 
ABC, right-angled at C. Then denot- 
ing the angles by the capital letters A, 
B, C, respectively, and the three sides A b 

opposite these angles by the corresponding small italics, a, 
b, c,* we have the following definitions : 

a _ opposite side ig caUed ^ ^ of the le ^ 
c hypotenuse 

b ^ adjacent side ig oaUfid ^ ^^ rf the angle ^ 
c hypotenuse 

a = opposite side ig caUed the t ent of the le A 
b adjacent side 

_ = — J cen si e ^ g ca n e( j ^ e cotangent of the angle A. 
a opposite side 

2 = —P^ — nxx is called the secant of the angle A. 
b adjacent side 

- = — 2-2— _^ i s called the cosecant of the angle A. 

a opposite side 

If the cosine of A be subtracted from unity, the remain- 
der is called the versed sine of A. If the sine of A be sub- 

* The letters a, b, c are numbers, being the number of times the lengths of the sides 
contain some chosen unit of length. 
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tracted from unity, the remainder is called the coversed sine 
of A ; the latter term is hardly ever used in practice. 

The words sine, cosine, etc., are abbreviated, and the func- 
tions of an angle A are written thus: sin A, cos A, tan A, 
cot A, sec A, cosec A, vers A, covers A. 

The following is the verbal enunciation of these defini- 
tions : 

The sine of an angle is the ratio of the opposite side to the 

hypotenuse; or sin A = -• 

c 

The cosine of an angle is the ratio of the adjacent side to 

the hypotenuse ; orcosA = -- 

c 

The tangent of an angle is the ratio of the opposite side to 
the adjacent side; or tan A = -• 

The cotangent of an angle is the ratio of the adjacent side to 

the opposite side; or cot A = -• 

a 

The secant of an angle is tlve ratio of the hypotenuse to the 
adjacent side; or sec A = -• 

The cosecant of an angle is the ratio of the hypotenuse to the 

opposite side; or cosec A = -• 

a 

The versed s$ne of an angle is unity minus the cosine of the 

angle; or vers A = 1 — cos A = 1 

c 

The coversed sine of an angle is unity minus the sine of the 

angle; or covers A = 1 — sin A = 1 

c 

These ratios are called Trigonometric Functions. The 
student should carefully commit them to memory, as upon 
them is founded the whole. theory of Trigonometry. 

These functions are, it will be observed, not lengths, but 
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ratios of one length to another ; that is, they are abstract 
numbers, simply numerical quantities; and they remain 
unchanged so long as the angle remains unchanged, as will 
be proved in Art. 14. 

It is clear from the above definitions that 



cosecA = 



A) 
1 



or sinA = 



sec A =s -, or cosA = 



tan A = 



cos A 

1 

cot A' 



or cotA = 



cosecA' 

1 

sec A' 

1 

tan A 



The powers of the Trigonometric functions are expressed 
as follows : 

(sin A) 8 is written sin 2 A, 
(cos A) 8 is written cos 8 A, 
and so on. 

Note. — The student must notice that * sin A ■ is a single symbol, the name of a 
number, or fraction belonging to the angle A. Also sin 2 A is an abbreviation for 
(sin A) 1 , i.e., for (sin A) x (sin A). Such abbreviations are used for convenience. 

14. The Trigonometric Functions are always the Same 
for the Same Angle. — Let BAD be 
any angle ; in AD take P, P', any 
two points, and draw PC, P'C per- 
pendicular to AB. Take P", any 
point in AB, and draw P"C" per- 
pendicular to AD. 

Then the three triangles PAC, P'AC, P'AC" are equi- 
angular, since they are right-angled, and have a common 
angle" at A: therefore they are similar. 

PC = P'C' =; P"C" 
""' AP"" AF AP"' 

But each of these ratios is the sine of the angle A. Thus, 
sin A. is the same whatever be the position of the point P on 
either of the lines containing the angle A. 
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Therefore sin A is always the same. A similar proof 
may be given for each of the other functions/ 
In the right triangle of Art. 13, show that 

a = c sin A = c cos B = b tan A = b cot B, 
6= a cot A =a tanB = c cos A = c sinB, 
c = a cosec A = a secB = b sec A = b cosecB. 

Note. — These results should be carefully noticed, as they are of frequent use in 
the solution of right triangles and elsewhere. 

EXAMPLES. 

1. Calculate the value of the functions, sine, cosine, etc., 
of the angle A in the right triangles whose sides a, b, c are 
respectively (1) 8, 15, 17 ; (2) 40, 9, 41 ; (3) 196, 315, 371 ; 
(4) 480, 31, 481 ; (5) 1700, 945, 1945. 

Ans. (1) sinA = ^ r , cosA = |^, tanA = ^, etc. ; 

(2) sin A = ££, cos A = ^, etc. ; 

(3) sin A = $£, tan A = ££, etc. ; 

(4) sin A = \ |f , tan A = ^, etc. ; 

(5) sinA = f££, tanA = ff£, etc. 
In a right triangle, given : 

2. a = Vm 2 -f n 2 , b = V2ran ; calculate sin A. 

Ans. Vm '+ »'. 
m -f" n 

m — n 



3. a = Vm J — 2 mn, b = n ; calculate sec A. 



n 



4. a = Vm 2 + mw, c=m + n; calculate tan A. \/— 

* n 

2 2 

5. a = 2mn, & = m 2 — n 2 ; calculate cos A. m ~~ n . 

ra 2 +w 2 

6. sinA = £, c = 200.5; calculate a. 120.3. 

7. cos A = .44, c = 30.5; calculated. 13.42. 

8. tan A = J^-, b = ff ; calculate c. ^. VlSil 
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15. Functions of Complemented Angles. — In the rt. A ABC 

we have 

sin A = -, and cos B = -• (Art. 13.) A 

c c 

.: sin A = cos B. 

But B is the complement of A, since 
their sum is a right angle, or 90° ; i.e., A' 
B = 90°-A. 

.\ sin A =cosB = cos (90°— A) = 




a 



Also 



cos A = sin B = sin (90° — A) = -, 



cot A 
sec A 



a 



tan A =cotB = cot (90°- A) = ^, 



= tanB = tan (90°- A) = -, 



a 



= cosecB = cosec (90°— A) = -, 



cosec A = sec B = sec (90°— A) = -, 



a 



vers A = covers B = covers (90° — A) = 1 , 



covers A = vers B = vers (90° — A) = 1 



a 



Therefore the sine, tangent, secant, and versed sine of an 
angle are equal respectively to the cosine, cotangent, cosecant, 
and cover sed sine of the complement of the angle. 



16. Representation of the Trigonometric Functions by 
Straight Lines. — The Trigonometric functions were for- 
merly defined as being certain straight lines geometrically 
connected with the arc subtending the angle at the centre 
of a circle of given radius. 

Thus, let AP be the arc of a circle subtending the angle 
AOP at the centre. 
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Draw the tangents AT, BT f meeting OP produced to T', 
and draw PC, PD JL to OA, OB. 

IT' 



a 


It cotangent 




/ D 


2 "\ T 




jr 
^ 




i 

r, 


I o 


% cosine "~ 7?"~H 


A 



Then PC was called the sine of the arc AP. 



oc 


u 


cosme 


a 


AT 


ii 


tangent 


a 


BT' 


ii 


cotangent 


a 


OT 


ii 


secant 


a 


OT' 


ii 


cosecant 


a 


AC 


ii 


versed sine 


a 


BD 


ii 


coversed sine 


a 



Since any arc is the measure of the angle at the centre 
which the arc subtends (Art. 5), the above functions of the 
arc AP are also functions of the angle AOP. 

It should be noticed that the old functions of the arc above 
given, when divided by the radius of the circle, become the 
modern functions of the angle which the arc subtends at the 
centre. If, therefore, the radius be taken as unity, the old 
functions of the arc AP become the modern functions of the 
angle AOP. 

Thus, representing the arc AP, or the angle AOP by $, we 
have, when A = OP = 1, 
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/» iv iv T>r\ 

w =ir¥= AT ' . 

and similarly for the other functions. 

Therefore, in a circle whose radius is unity, the Trigono- 
metric functions of an arc, or of the angle at the centre meas- 
ured by that arc, may be defined as follows : 

The sine is the perpendicular let fall from one extremity of 
the arc upon the diameter passing through the other extremity. 

The cosine is the distance from the centre of the circle to the 
foot of the sine. 

The tangent is the line which touches one extremity of the 
arc and is terminated by the diameter produced passing through 
the other extremity. 

Tlie secant is the portion of the diameter produced through 
one extremity of the arc which is intercepted between the centre 
and the tangent at the other extremity. 

The versed sine is the part of the diameter intercepted 
between the beginning of the arc and the foot of the sine. 

Since the lines PD or OC, BT', OT', and BD are respect- 
ively the sine, tangent, secant, and versed sine of the arc 
BP, which (Art. 12) is the complement of AP, we see that 
the cosine, the cotangent, the cosecant, and the coversed sine of 
an arc are respectively the sine, the tangent, the secant, and the 
versed sine of its complement. 

EXAMPLES. 

1. Prove tan A sin A -f cos A = sec A. 

2. " cot A cos A -f sin A = cosec A. 

3. « (tan A - sin A) 2 + (1 - cos A) 9 = (sec A - 1)*. 

4. " tan A -f cot A = sec A cosec A. 

5. " (sin A + cos A) -f- (sec A -f cosec A) = sin A cos A. 

6. " (1 + tan A) 2 + (1 + cot A) 2 = (sec A + cosec A) 2 . 
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7. Given tan A 

8. " sin A 

9. " sin A 

10. " tan A 

11. " cot A 



cot2A; find A. 

cos3A; find A. 

cos (45°- i A); find A. 

cot6A; find A. 

tan (45° + A); find A. 



B 



M' 



P' 



O M 



B' 



17. Positive and Negative Lines. — Let AA' and BB' be 

two perpendicular right lines intersecting at the point 0. 
Then the position of any point in 
the line A A' or BB' will be deter- 
mined if we know the distance of 
the point from 0, and if we know 
also upon which side of the /C— 
point lies. It is therefore con- 
venient to employ the algebraic 
signs -f and — , so that if dis- 
tances measured along the fixed 
line OA or OB from in one direction be considered 
positive, distances measured along OA' or OB' in the oppo- 
site direction from will be considered negative. 

This convention, as it is called, is extended to lines parallel 
to A A' and BB'; and it is customary to consider distances 
measured from BB' towards the right and from A A f upwards 
as positive, and consequently distances measured from BB' 
towards the left and from AA' downwards as negative. 

18. Trigonometric Functions of Angles of Any Magni- 
tude. — In the definitions of the trigonometric functions 
given in Art. 13 we considered only acute angles, i.e., angles 
in the first quadrant (Art. 5), since the angle was assumed 
to be one of the acute angles of a right triangle. We shall 
now show that these definitions apply to angles of any mag- 
nitude, and that the functions vary in sign according to the 
quadrant in which the angle happens to be. 
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Let AOP be an angle of any mag- 
nitude formed by OP revolving from 
an initial position OA. Draw PM J. 
to AA'. Consider OP as always 
positive. Let the angle AOP be 
denoted by A ; then whatever be the 
magnitude of the angle A, the defini- 
tions of the trigonometric functions 
are 

MP 



sin A 



secA = 



OP' 

OP 
OM' 



cosA = 



cotA = 



OM 
OP' 

OM 
MP' 




tanA = 



cosecA = 



MP 



I. When A lies in the 1st quadrant, 
MP is positive because measured from M 
upwards, OM is positive because measured 
from towards the right (Art. 17), and OP 
is positive. 

Hence in the first quadrant all the func- 
tions are positive. 

II. When A lies in the 2d quadrant, as 
the obtuse angle AOP, MP is positive 
because measured from M upwards, OM is 
negative because measured from towards 
the left (Art. 17), and OP is positive. 

Hence in the second quadrant 

MP . 

is positive; 




sin A 



OP 



a OM . 

cos A = -— is negative; 

4. a MP . 

tan A =— - is negative; 

and therefore sec A and cot A are negative, and cosec A is 
positive (Art. 13). 
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III. When A lies in the 3d quadrant, 
as the reflex angle AOP, MP is negative 
because measured from M downwards, OM .,/ 
is negative, and OP is positive. 

Hence in the third quadrant the sine, 
cosine, secant, and cosecant, are negative, 
but the tangent and cotangent are positive. 

IV. When A lies in the 4th quadrant, 
as the reflex angle AOP, MP is negative, 
OM is positive, and OP is positive. 

Hence in the fourth quadrant the sine, 
tangent, cotangent, and cosecant are negative, 
but the cosine and secant are positive. 

The signs of the different functions are shown in the 
annexed table. 




Quadrant. 


I. 


n. 


in. 


IV. 


Sin and cosec 


+ 


'+ 


— 


— 


Cos and sec 


+ 


— 


— 


+ 


Tan and cot 


+ 


— 


+ 


— 



Not*. — It is apparent from this table that the signs of all thp functions in any 
quadrant are known when those of the sine and cosine are known. The tangent and 
cotangent are + or — , according as the sine and cosine have like or different signs. 

19. Changes in the Value of the Sine 
creases from 0° to 360°. — Let A de- 
note the angle AOP described- by the 
revolution of OP from its initial posi- 
tion OA through 360°. Then, PM 
being drawn perpendicular to AA r , 

MP 



sinA = 



OP' 



whatever be the magnitude of the 
angle A. 
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When the angle A is 0°, P coincides with A, and MP is 
zero ; therefore sin0° = 0. 

As A increases from 0° to 90°, MP increases from zero to 
OB or OP, and is positive; therefore sin 90° = 1. 

Hence in the 1st quadrant sin A is positive, and increases 
from to 1. 

As A increases from 90° to 180°, MP decreases from OP 
to zero, and is positive; therefore sin 180° = 0. 

Hence in the 2d quadrant sin A is positive, and decreases 
from 1 to 0. 

As A increases from 180° to 270°, MP increases from 
zero to OP, and is negative; therefore sin 270° = — 1. 

Hence in the 3d quadrant sin A is negative, and decreases 
algebraically from to — 1. 

As A increases from 270° to 360°, MP decreases from OF 
to zero, and is negative; therefore sin 360° =0. 

Hence in the 4th quadrant sin A is negative, and increases 
algebraically from — 1 to 0. 

20. Changes in the Cosine as the Angle increases from 0° 
to 360°. — In the figure of Art. 19 

cosA = °M. 
OP 

When the angle A is 0°, P coincides with A, and 
OM = OP ; therefore cos0°= 1. 

As A increases from 0° to 90°, OM decreases from OP to 
zero and is positive; therefore cos 90°= 0. 

Hence in the 1st quadrant cos A is positive, and decreases 
from 1 to 0. 

As A increases from 90° to 180°, OM increases from zero 
to OP, and is negative; therefore cos 180° =— 1. 

Hence in the 2d quadrant cos A is negative, and decreases 
algebraically from to — 1. 

As A increases from 180° to 270°, OM decreases from OP 
to zero, and is negative ; therefore cos 270° = 0. 
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Hence in the 3d quadrant cos A is negative, and increases 
algebraically from — 1 to 0. 

As A increases from 270° to 360°, OM increases from zero 
to OP, and is positive; therefore cos 360°= 1. 

Hence in the 4th quadrant cos A is positive, and increases 
from to 1. 

21. Changes in the Tangent as the Angle increases 
from 0° to 360°. — In the figure of Art. 19 

tan A = • 

OM 

When A is 0°, MP is zero, and OM = OP; therefore tan 
0°=0. 

As A increases from 0° to 90°, MP increases from zero to 
OP, and OM decreases from OP to zero, so that on both 
accounts tan A increases numerically; therefore tan90°=oo. 

Hence in the 1st quadrant tan A is positive, and increases 
from to oo. 

As A increases from 90° to 180°, MP decreases from OP 
to zero, and is positive, OM becomes negative and decreases 
algebraically from zero to — 1 ; therefore tan 180° =0. 

Hence in the 2d quadrant tan A is negative, and increases 
algebraically from — oo to 0. 

When A passes into the 2d quadrant, and is only just greater than 
90°, tan A changes from +co to — oo. 

As A increases from 180° to 270°, MP increases from zero 
to OP, and is negative, OM decreases from OP to zero, and 
is negative; therefore tan 270°= oo. 

Hence in the 3d quadrant tan A is positive, and increases 
from to oo. 

As A increases from 270° to 360°, MP decreases from OP 
to zero, and is negative, OM increases from zero to OP, and 
is positive; therefore tan 360° =0. 

Hence in the 4th quadrant tan A is negative, and increases 
algebraically from — oo to 0. 
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The student is recommended to trace in a manner similar 
to the above the changes in the other functions, i.e., the 
cotangent, secant, and cosecant, and to see that his results 
agree with those given in the following table. 

22. Table giving the Changes of the Trigonometric 
Functions in the Four Quadrants. 



Quadrant. 


I. 


II. 


in. 


IV. 


sin varies from 


+ 
Otol 


+ 

1 toO 


Oto -1 


-1 toO 


cos " " 


+ 
1 toO 


to -1 


-1 toO 


+ 
Otol 


tan " " 


+ 
to GO 


— oo to 


+ 
to GO 


— oo to 


cot " " 


+ 

oo to 


to oo 


+ 

oo to 


to — oo 


sec " " 


+ 

1 tO 00 


- 

— 00 tO — 1 


—1 to — 00 


+ 
oo to 1 


cosec " " 


+ 

oo to 1 


+ 

1 to 00 


— 00 to — 1 


— 1 to — 00 


vers " " 


+ 

Otol 


+ 

1 to2 


+ 
2-tol 


+ 

ltoO 



Note 1. — The cosecant, secant, and cotangent of an angle A have the same sign 
as the sine, cosine, and tangent of A respectively. 

The sine and cosine vary from 1 to — 1, passing through the value 0. They are 
never greater than unity. 

The secant and cosecant vary from 1 to — 1, passing through the value «o. They 
are never numerically less than unity. 

The tangent and cotangent are unlimited in value. Tbey have all values from - «o 

tO +oo. 

The versed sine and coversed sine vary from to 2, and are always positive. 

The trigonometric functions change sign in passing through the values and co, 
and through no other values. 

In the 1st quadrant the/unctions increase, and the cofunctions decrease. 

Note 2. — From the results given in the above table, it will be seen that, if the 
value of a trigonometric function be given, we cannot fix on one angle to which it 
belongs exclusively. 

Thus, if the given value of sin A be £, we know since sin A passes through all 
values from to 1 as A increases from 0° to 90°, that one value of A lies between P 
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and 90*. But since we also know that the value of sin A passes through all values 
between 1 and as A increases from 90° to 180°, it is evident that there is another 
value of A between 90° and 180° for which sin A = £. 



23. Relations between the Trigonometric Functions of 
the Same Angle. — Let the radius start 
from the initial position OA, and revolve 
in either direction, to the position OP. 
Let denote the angle traced out, and 
let the lengths of the sides PM, MO, 
OP be denoted by the letters a, b, a* 

The following relations are evident 
from the definitions (Art. 13) : 




cosed = 



tan0 = 



sinfl' 

sin0 

— __ . 

COS0 

a 



sec0 = 



cos 



t 



cot0 = 



tan0 



For 



tan0 = « = £=?l n i. 
b b cos0 



II. sin 2 0-f cos 2 = 1. 

Forsin 2 + (*)S 2 = ^ + ^ = ^4^=1- 

cr & <r 

III. sec 2 0=l-f tan 2 0. 

For sec 2 0=g = ^±^=l+g=l+tan 2 0. 
¥ ¥ b 2 

IV. cosec 2 = l4-cot 2 0. 
For cosec 2 0=^=^±^==lH--^==l+cot 2 0. 




a 1 



a' 



a' 



cos 




tan 



Formulae L, II., III., IV. are very important, and must be 
remembered. 



*a,b t c are numbers, being the number of times the lengths of the sides contain 
some chosen unit of length. 
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24. Use of the Preceding Formula. 

I. To express all the other functions in terms of the sine. 



Since sin 2 + cos 2 = l, .\ cos0 = ± Vl — sin 2 0. 

sin $ sin $ 



tan0 = 



cos0 VI - sin 2 



,. 1 ^Vl-sin 2 
co t0 = - — - = ± — — — 

tan 6 sin 6 

sec0 = — - = ± 



cosec0 = 



cos0 VI- sin 2 
1 



sin0 

II. To express all the other functions in terms of the tan- 
gent. 

sin 



Since tan = 



cos 



g 



a i*A 4. nn n*™n tan0 , tan0 
sm = tan cos = = ± 



secfl Vl+tan 2 



cos = — i- = ± 



sec0 Vl + tan 2 

cot^ = -i-. sec0 = ± Vl + tan*0. 
tan0 



a 1 ^Vl+tan 2 
cosecfl = -— - = ± / A 

sin tan 

Similarly, any one of the functions of an angle may be 
expressed in terms of any other function of that angle. 
The sign of the radical will in all cases depend upon the 
quadrant in which the angle $ lies. 

25. Graphic Method of finding All the Functions in Terms 
of One of them. ^,b 

To express all the other functions in 
terms of the cosecant. 

Construct a right triangle ABC, hav- 
ing the side BC = 1. Then A V cosecs-i 
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Now 



A AB AB All 
cosec A = -— = — = AB. 

% BC 1 

.•. AC = ± Vcosec 2 A — 1. 

' . A BC 1 
sin A = — — ■ = r , 

AB cosec A 

Vcosec 2 A — 1 






cosec A 
1 



Vcosec 2 A — 1 

and similarly the other functions may be expressed in terms 
of cosec A. 

26. To find the Trigonometric Functions of 45°. — Let 

ABC be an isosceles right triangle in which _ 

CA = CB. 

Then CAB = CB A = 45°. 

Let AC = m = CB. 

Then 

AB*=AC* + CB , = m 2 + m a = 2m a . 

.-. AB = mV2. 




.-. sin46° = l£ = 



m 



cos45° = 4 : £ = 
AB 



AB m V2 V2 
m 1 



m 



V2 V2 



tan 45° = § = 5 = 1 cot45°=l. 
AC m 

sec 45° = V2. cosec 46° = V2. 



27. To find the Trigonometric Func- 
r tions of 60° and 30°. — Let ABC be an 

equilateral triangle. Draw AD perpen- 
dicular to BC. Then AD bisects the 
angle BAC and the side BC. Therefore 
BAD = 30°, and ABD = 60°. 




i 
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Let BA = 2m. .\ BD = m. 

Then AD = V4m 2 — m* = m V3. 

... 8in60° = 4? = ?? ^ = * V5 - .'. ^sec60 o =4=' 
AB 2m V3 



fiAO BD 1 
00860 == BA=2: 



.-. sec 60° = 2. 



tan60 o =^=2^=V3. .-. cot60° = ^- 
BD m V3 

vers60 o =l-cos60°=l-i = l- 

2 J 

Also sin 30° = ?5 = ^- = i. .-. cosec30°=2. 

AB Zltl & 

cos30' = 4? = ^ = W3. .-. sec30° = -^. 
AB 2m V3 

tan30°== — = -^- = — • .-. cot30°=V3. 
DA m V3 V3 



EXAMPLES. 

1. Given sin0 = f; find the other 

5 

trigonometric functions. 

Let BAC be the angle, and BC be 
perpendicular to AC. Represent BC 
by 3, AB by 5, and consequently AC ^ 
by V2o^"9 = 4. 




Then 



, AC 4 
C0Stf = AB = 5' 

tan0 = ^ = ?, 
AC 4' 

/, AB 5 

sec 6 = — = — * 
AC 4' 

a AB 5 
cosec* = — = ? 



BEDUCTION OF FUNCTIONS. 83 

o 3 5 

2. Given sin0 = ?; find tan0 and cosecft -4n*. -j? -• 

5 4 o 

3. Given cos0 = ^; find sin and cot ft 4\/2, — -• 

3 2V2 

1 ViS 



4. Given sec0 = 4; find cot and sin ft , , . 

Vl5 4 

5. Given tan0 = V3; find sin and cos ft $V3, -• 

12 5 

6. Given sin0 = ^|; find cos ft -rr- 

5 1' 

7. Given cosec0 = 5; find sec0 and tan ft — — > — — • 

2V6 2V6 

4.1 40 9 

8. Given sec0 = ~; find sin $ and cotft —> ^ 

9 41 40 

9. Given cot0 = — ; find sin0 and secft ^-> ^ 

V5 3 J 

q 
10. Given sin0 = -r ; find cos0, tan0, and cotft 

4 V7 3V7 V7 



* "» — ~ — » «. 
4 7 3 



11. Given sin0 = -; find tan ft 



12. Given 8^0 = 4^5 find tan ft 2mn 

M.2 1 an* 



2 M a 



wr-fn 8 m— » 

28. Seduction of Trigonometric Functions to the 1st 
Quadrant. — All mathematical tables give the trigonometric 
functions of angles between 0° and 90° only, but in practice 
we constantly have to deal with angles greater than 90°. 
The object of the following six Articles is to show that the 
trigonometric functions of any angle, positive or negative, 
can be expressed in terms of the trigonometric functions of 
an angle less than 90°, so that, if a given angle is greater 
than 90°, we can find an angle in the 1st quadrant whose 
trigonometric function has the same absolute value. 
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29. Functions of Complement*! Angles. — Let AA', BB' 
be two diameters of a circle at right angles, and let OF and 
OP' be the positions of the radius for 
any angle AOP = A, and its comple- 
ment AOP'= 90°- A (Art. 12). 

Draw PM and P'M' at right angles 
toOA. 

Angle OP'M f = BOP'= AOP = A. 

Also OP= OP'. 

Hence the triangles OPM and OP'M' are equal in all 
respects. 

...P'M'=OM. A^'-gg. 

OP' OP 

.-. sin (90° - A) == cos AOP = cos A. 

OM' PM 




Also, 



OM' = PM. 

OP' OP 

cos (90° - A) = sin AOP = sin A. 



Similarly, tan (90°- A) = tanAOP'=^ = ^ = cotA. 

OM' MP 

The other relations are obtained by inverting the above. 

30. Functions of Supplemental An- 
gles. — Let OP and OP' be the positions 
of the radius for any angle AOP = A, p 
and its supplement AOP' =180°— A w. 
(Art. 12). 

Since OP = OP', and POA = P'OA', 
the triangles POM and P'OM' are 
geometrically equal. 

.-. sin(180 o -A) = sinAOP'=^=J^ = sinA, 
cos (180°- A) = cos AOP'= §g? ^^^ = - cos A, 




OP' 



OP 
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tan (180°- A) = tan AOP'= 



P'M' PM 



OM' -OM 
Similarly the other relations may be obtained. 



= — tan A. 



3L To prove sin (90° + A) = cos A, cos (90° + A) = - sin A, 
and tan (90° + A) = - cot A. 

Let OP and OP' be the positions 
of the radius for any angle AOP = A, 
andAOP'=90°+A. 

Since OP = OP', and AOP = P'OB 
= OP'M', the triangles POM and 
P'OM' are equal in all respects. 

.-. sin (90° + A) = sin AOP'= ?JM! = ^ = cos A, 
cos (90° + A) = cos AOP'= §J£ = .zJ^M = - sin A, 




tan (90°+ A) = tanAOP'= 



OP' 
P'M' 



OP 
OM 



OM' - PM 



= — cot A. 



32. To prove sin (180° + A) = - sin A, 
cos (180° + A) = - cos A, and tan (180° 
4- A) = tan A. 

Let the angle AOP = A; then the J^ 
angle AOP', measured in the positive 
direction, == (180°+ A). p 

The triangles POM and P'OM' are 
equal. 

.-. sin (180°+ A) =sin AOP' = |^i' = ^^ = - sin A, 




cos (180° + A) = cos AOP' = 



OP' OP 
OM' - OM 



OP' 



OP 



= — cos A, 



tan (180°+ A) =tanAOP' = ^ = ^^ = tan A. 
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33. To prove sin(— A) = — sin A, cos(— A) = con A, 
tan (— A) = — tan A. 

Let OP and OP' be the positions of 
the radius for any equal angles AOP 
and AOP' measured from the initial 
line AO in opposite directions. Then 
if the angle AOP be denoted by A, the 
numerically equal angle AOP' will be 
denoted by — A (Art. 4). 

The triangles POM and P'OM are geometrically equal. 

.... sin(-A) = sinAOP' = ^ = ^ = --sinA, 




OP' 



OP 



cos (- A) = cos AOP' = gM = gM = cos A, 



OP' OP 



PM 



tan(~A) = tanAOP' = ^ = - _ 
v ' OM OM 



= — tan A. 



— cos A, 



34. To prove sin (270° + A) = sin (270°- A) = 
and cos (270° + A) = - cos (270°- A) 
= sinA. 

Let the angle AOP = A ; then the 
angles AOQ and AOR, measured in 
the positive direction, =(270°— A) A 
and (270° + A) respectively. 

The triangles POM, QON, and ROL 
are geometrically equal. 



... RL = QN =OM. ... ^ = QN = = OM # 

OR OQ OP 

... sin (270° + A) = sin (270°- A) = - cos A. 




Also, 



OL = --ON 
OR 



PM 



OQ OP 



... cos (270° + A) = - cos (270°- A) = sin A. 
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35. Table giving the Values of the Functions of Any Angle 
in Terms of the Functions of an Angle less than 90°. — The 

foregoing results, and other similar ones, which may be 
proved in the same manner, are here collected for reference. 

Quadbant II. 

sin (180°- A) = sin A. sin (90°+ A)= cos A. 

cos (180° - A) = - cos A. cos (90° + A) = - sin A. 

tan (180°- A) = - tan A. tan(90°+ A) = - cot A. 

cot (180° - A) = - cot A. cot (90° + A) = - tan A. 

sec (180° - A) = - sec A. sec (90° + A) = - cosec A. 

cosec (180° — A) = cosec A. cosec (90° + A) = sec A. 

Quadbant III. 
sin (180° + A) = - sin A. sin (270° - A) = - cos A. 

cos (180° + A) = - cos A. cos (270° - A) = - sin A. 

tan (180° + A) = tan A. tan (270° - A) = cot A. 

cot (180° + A) = cot A. cot (270°- A) == tan A. 

sec (180° 4- A) = - sec A. sec (270° - A) = - cosec A. 

cosec (180° + A) = — cosec A. cosec (270° — A) = — sec A. 

Quadbant IV. 
sin (360° - A) = - sin A. sin (270° + A) = - cos A. 

cos (360°— A) = cos A. cos (270° + A) = sin A. 
tan (360° - A) = - tan A. tan (270° + A) = - cot A. 

cot (360° - A) = - cot A. cot (270° + A) = - tan A. 

sec (360°- A) = sec A. sec (270°+ A) = cosec A. 

cosec (360°— A) = — cosec A. cosec (270° + A) = — sec A. 

Nora. — These relatione* may be remembered by noting the following rales : 

When A is associated with an even multiple of 90°, any function of the angle is 
numerically eqnal to the same /Unction of A. 

When A is associated with an odd multiple of 90°, any function of the angle is 
numerically equal to the corresponding cofunction of the angle A. 

The tign to be prefixed will depend upon the quadrant to which the angle belongs 
(Art. 5), regarding A as an acute angle. 

* Although these relations have been proved only in case of A, an acute angle, 
they are true whatever A may be. 
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r-V^ »* *iV A> ~ - atn A ; tne angle 270*- A being in the 3d quadrant, and 

Kn«i ^.uiraat all the functions are positive. 
"u^sxul >|U<4«ii'<iUt all are negative except the sine aud cosecant. 
t h.ui ij.i*di*ul all »re negative except the tangent and cotangent. 
hVui ih ^uuJiuut all are negative except the cosine aud secant. 

$^ YtvuMUoity of the Trigonometric Functions. — Let 

Vv v *' Iv an angle of any magnitude, as in the figure of 
Vn.. IS; thou it' 01* revolve in the positive or the negative 
Uuootum through an angle of 360°, it will return to the 
^».«a\on from whioh it started. Hence it is clear from the 
vMiuitiou* that the trigonometric functions remain un- 
sdwugod when the angle is increased or diminished by 360°, 
vu <vuy multiple of 3G0°. Thus the functions of the angle 
UH>" are the name both in numerical value and in algebraic 
uiuu w* the functions of the angle of 400°— 360°, i.e., of the 
ttuule of 40*. Also the functions of 360° 4- A are the same 
lu uumerieal value and in sign as those of A. 

hi guueral, if n denote any integer, either positive or 
negative, the functions of n x 360° + A are the same as those 

•I/' A. 

Thuw the fuuotions of 1470°= the functions of 30°. 

If deuoteH any angle in circular measure, the functions 
nC (13 uii | 0) tire the same as those of 0. Thus 

hIu (L 1 nw + 0) = sin0, cos (2mr + 0) = cos 0, etc. 

|lv thin pnipoHition we can reduce an angle of any magni- 
tude to mi angle leHS than 360° without changing the values 
of the fuiietioiiH, It is therefore unnecessary to consider 
the fuuetlou* of angles greater than 360°; the formulae 
already ewtublUhed are true for angles of any magnitude 
whatever, 

EXAMPLES. 

1, Kx press sin 700° in terms of the functions of an acute 
angle. 

sin 700°= sin (360°+ 340°) = sin 340°= sin (180°+ 160°) 
= sin 160°= -sin 20°. 
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Find the values of the following functions : 

2. sin 810°, sin (-240°), cos 210°. Ans. 1, |V3, -|V3- 

3. tan (-120°), cot 420°, cot 510°. V3, -^ -V& 

V3 

4. sin 930°, tan 6420°. -1 -V3. 

5. cot 1035°, cosec570°. -1, -2. 

37. Trigonometric Identities. — A trigonometric identity 
is an expression which states in the form of an equation a 
relation which is true for all values of the angle involved. 
Thus, the relations of Arts. 13 and 23, and all others that 
may be deduced from them by the aid of the ordinary 
formulae of Algebra, are universally true; and are therefore 
called identities; but such relations as sin# = £, cos#=J, 
are not identities. 

EXAMPLES. 

1. Prove that sec — tan $ • sin $ = cos 6. 

Here sec 6 - tan0 sin 6 = — ^ sm ft (Art. 24) 

COS0 COS0 

* l-sin 2 



COS0 
COS 2 



(Art. 24) 



COS0 
= COS 0. 

2. Prove that cot $ — sec cosed thQ. — 2 sin 2 ff) = tan 6. 
cot — sec cosec (1 — 2 sin 2 0) 

= 52?i 1 . 1 (l-2sin 2 0) (Art. 24) 

sin0 cos0 sin0 v J \ / 

cos 2 0-l + 2sin 2 d 
sin cos 



40 PLANE TRIGONOMETHY. 

_ cos 2 fl - (sin 2 fl 4- cos 2 fl) +2 sin 2 fl (Axt ^ 

sin0cos0 

sin'* sin* = tanft 



sin cos cos0 

Nora. — It will be observed that in solving these examples we first express the 
other functions in terms of the sine and cosine, and in most cases the beginner will 
find this the simplest course. It is generally advisable to begin with the most com- 
plicated side and work towards the other. 

Prove the following identities : 

3. cos tan = sin 0. 

4. cos = sin cot 0. 

5. (tan + cot 0) sin cos = 1. 

6. (tan — cot 0) sin cos = sin 2 — cos 2 0. 

7. sin 2 -5- cosec 2 = sin 4 0. 

8. sec 4 - tan 4 = sec 2 + tan 2 0. 

9. (sin - cos 0) 2 = 1 — 2 sin cos 0. 

10. l-tan 4 = 2sec 2 0-sec 4 0. 

11. L±^^ = (cosec0 + cot0) 2 . ' 

1 — COS0 

12. (sin0 + cos0) 2 +(sin0-cos0) 2 =2. 

13. sin 4 - cos 4 = sin 2 - cos 2 0. 

14. sin 2 + vers 2 = 2(1- cos 0). 

15. cot 2 - cos 2 = cot 2 cos 2 0. 

EXAMPLES. 

In a right triangle ABC (see figure of Art. 15) given : 
1. a= j p 2 +pg, c = (f+pq; calculate cot A. 



Ana. 2@=E. 
P 



2. & = Zm-s-n, c = Zn-s-m; calculate cosec A. n 



s 



Vn^^m 4 
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3 

3. sinA = -, c = 20.5; calculate a. Ans. 12.3. 

5 

4. Giyen cot -J- A = tan A ; find A. 

5. " sin A = cos2A; find A. 

6. " cot A =tan6A; find A. 

7. " tan A = cot8A; find A. 

8. " sin2A = cos3A; find A. 



9. 


it 


sin A 


-!.«—*—* 


V5 2 

3' VS* 


10. 


it 


cos A 


= -; find sin A and tan A. 
5 


3 3 
5' 4 


11. 


it 


cosecA 


= - ; find cos A and tan A. 


Vf 3 


12. 


it 


sin A 


1 
= — : find cos A and tan A. 

V3 


S l 

w V5 


13. 


tt 


cos A 


= b ; find tan A and cosec A. 






Vl-6 2 


1 




Vl-6 2 


14 


tt 


sin A 


= .6 ; find cos A and cot. A. 


4 4 
5' 3' 


15. 


it 


tan A 


= -; find sin A. 
5 


4 

Vii 


16. 


it 


cot A 


= — ; find sec A and sin A. 
15 


17 15 
8' 17* 


17. 


ti 


sin A 


= — ; find cos A. 
13' 


5 
13* 


18. 


a 


cos A 


= .28; find sin A. 


.96. 


19. 


u 


tan A 


= -; find sin A. 


4 
5 



20. " sin A = -;findcosA. |V2. 

o 
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Express the following functions in terms of the functions 
of acute angles less than 45° : 

21. sin 168°, sin 210°. Am. sin 12°, -sin 30°. 

22. tan 125°, tan 310°. -cot 35°, —cot 40°. 

23. sec 244°, cosec281°. — cosec 26°, —sec 11°. 

24. sec 930°, cosec (-600°). —sec 30°, sec 30°. 

25. cot 460°, sec 299°. . -tan 10°, cosec 29°. 

26. tan 1400°, cot (-1400°). -tan 40°, cot40°. 

Find the values of the following functions : 

27. sin 120°, sin 135°, sin 240°. Am. ^, JL, — ^?. 

28. cos 135°, tan 300°, cosec 300°. — — f - V3, 2 



V2' Y ' V3 

29. sec 315°, cot 330°, tan 780°. V2, ~V3, VS. 

30. sin 480°, sin 495°, sin 870°. 



V3 1 1 



2 ' V2' 2 

31. tan 1020°, sec 1395°, sin 1485°. - V3, V2, — . 

V2 

32. tan 8 660°, cos 8 1020°. -3VS, |. 

o 

Prove, drawing a separate figure in each case, that 

33. sin340°=sin(-160°). 

34. sin (-40°) = sin 220°. 

35. cos320°=-cos(140°). 

36. cos ( - 380°) = - cos 560°. 

37. cos 195° = - cos ( - 15°) . 

38. cos 380°= -cos 560°. 

39. cos ( - 225°) = - cos ( - 45°). 

40. cos 1005° = - cos 1185°. 
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Prove the following identities : 

41. (sin 2 + cos 2 0) 2 =l. 

42. (sin 2 - cos 2 0) 2 = 1 - 4cos 2 + 4cos 4 0. 

43. (sin0 + cos0) 2 =l + 2sin0cos0. 

44. (sec — tan 0) (sec + tan 0) = 1. 

45. (cosec — cot 0) (cosec -f cot 0) = 1. 

46. sin 8 + cos*0 ta (sin + cos 0) (1 - sin cos 0). 

47. sin 6 + cos 6 = sin 4 + cos 4 - sin 2 cos 2 0. 

48. sin 2 tan 2 + cos 2 cot 2 = tan 2 + cot 2 0-1. 

49. sin0 tan 2 0+ cosec0 sec 2 0— 2 tan0 sec 0= cosec 0— sin 0. 

50. cos 8 — sin 8 = (cos - sin 0) (1 + sin cos 0) . 

51. sin 6 + cos 6 = 1-3 sin 2 cos 2 0. 

52. tan a + tan £ = tan a tan £ (cot a + cot 0) . 

53. cot a + tan p = cot a tan fi (tan a + cot 0) . 

54. 1 — sin a = (1 + sin a) (sec a — tan a) 2 . 

55. 1 -f cos a = (1 — cos a) (cosec a + cot a) 2 . 

56. (1 + sina + cosa) 2 = 2(1 + sina) (1 + cosa). 

57. (1 — sin a — cos a) 2 (l + sin a + cos a) 2 = 4sin*a cos 2 a. 

58. 2 vers a — vers 2 a = sin* a. 

59. vers a (1 + cos a) = sin 2 a. 
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CHAPTER III. 

TBIGONOMETBIO FUKOTIONS OF TWO ANGLES. 



38. Fundamental Formnto. — We now proceed to express 
the trigonometric functions of the sum and difference of 
two angles in terms of the trigonometric functions of the 
angles themselves. 

The fundamental formulas first to be established are the 
following : 

sin (a? + y) = sina?cosy-|-cosajsiny . . . . (1) 

cos (x -h y) = cos x cos y — sin x sin y . . . . (2) 

sin (a? — y) = sin a? cos y — cos a; sin y . . . . (3) 

cos (a? — y) = cos x cos y -f sin x siny . . . . (4) 

Nora. — Here x and y are angles; so that (a? + y) and (x—y) are also angles. 
Hence, sin (a? + y) is the sine of an angle, and is not the same as sin a; + sin y. 
Sin (x + y) is a single fraction. 
Sin x + slny is the sum of two fractions. 

39. To prove that 

sin (x -h y) = sin x cos y + cos x sin y, 
and cos (x + y ) = cos a; cos y — sin a? sin y. 

Let the angle AOB = x, and the 
angle BOC =2= y ; then the angle 
AOC = x + y. 

In OC, Me bounding line of the 
angle (a-f y) } take any point P, 
and draw PD, PE, perpendicular 
to A and OB, respectively ; draw 
EH, EK, perpendicular to PD and OA. 
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Then angle EPH = 90°- HEP = HEO = AOE = x. 

. f . N DP EK + PH EK j PH 
sin (x + y ) = — = — = 

v ^ y) OP OP OP OP 

_^ek oe* ph pe 
^oe'op pe'op 



= sin x cos y + cos x sin y. 

, , x OD OK-HE OK 
cos (a; + y) = — = = — 

= ok oe_he pe 
oe'op pe'op 

r 

= cos x cos y — sin x siny. 



HE 
OP 



Not*. — These two formula have been obtained by a construction in which x + p 
is an acute angle ; but the proof is perfectly general, and applies to angles of any 
magnitude whatever, by paying due regard to the algebraic signs. For example, 

Let AOB=x, as before, and BOC = y; 
then AOC, measured in the positive direc- 
tion, is the angle x + y. 

In OC, take any point P, and draw PD, 
PE, perpendicular to OA and OB produced; 
draw EH and EK perpendicular to PD and 
OA. 

Then, angle EOK = 180* - x ; 



and 



sin (x + y) = 



EPH = EOK = 180° -x; 
OOE=y-180°. 

DP EK-PH 




OP 



OP 



EK PH 
OP OP 



EK OE + PH PE 



OE OP PE OP 

» 

= - sin (18<P - x) cos (y - 180°) + cos (180° - x) sin (y - 180°) 



= sin x cos y + cos x sin y. 

co . (a . + y)= Op = QK ± EH = OK EH 
w K ** 9i OP OP OP OP 

= OK OE EH PK 
OE OP PE ' OP 



(Art. 36) 



* The introduced line OE is the only line in the figure which is at once a side of 
two right triangles (OEK and OEP) into which EK and OP enter. A similar 
remark applies to PE. 
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- cos (180°- x) cot (y - 180°) + dn (180° - x) Bin (y — 180°) 

» cob a? cosy — sin 2 sin y. (Art-391 

The student should notice that the words of the two proofs are Tory nearly thf 
aame. ' 



40. To prove that 

sin (x — y) = sin x cosy — cos x siny, 
and cos (x — y) = cos a? cos y 4- sin x sin y. 

Let the angle AOB be denoted 
by x, and COB by y ; then the angle 
AOC = x - y. 

In OC take any point P*, and 
draw PD, PE, perpendicular to 
OA and OB respectively; draw 
EH, EK, perpendicular to PD and O 
OA respectively. 

Then the angle EPH = 90° - HEP = BEH = AOB = x. 

. , N DP EK-HP EK HP 
sin ( x — v ) = — = = 

v y) OP OP OP OP 

♦ ^EK OE_HP PE 

OE ' OP PE " OP 



E, 




H 

P 


^c 


K 


D 





= sin x cos y — cos x smy. 

, N OD OK + EH OK, EH 
cos (x — V J = — = = 

V • U) OP OP HP T OP 



OP 



OP 



= ok oe eh pe 
oe'op pe'op 

= cos x cos y + sin x sin y. 

Note 1. — The sign in the expression of the sine is the same as it is in the angle 
expanded ; in the cosine it is the opposite. 



* P is taken in the line bounding the angle under consideration ; i.e., AOC. 
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Nora 2. — In this proof the angle x — yla acute ; but the proof, like the one gives 
In Art. 89, applies to angles of any magnitude whatever. For example, 

Let AOB, measured in the positive v 

direction, °z, and BOC = y. Then \. 

AOC = a?-y. hA E 

In OC take any point P, and draw 
PD, PE, perpendicular to OA and OB 
produced: draw EH, EK, perpendicu- 
lar to DP and AO produced. 

Then, 



angle EPH = EOK = AOB = 360° -a?, 
and POE = 180°-y. 

V V) OP OP 

EK OE HP PE 




D K\ V 



<*-*) = 



OE OP PE OP 
= sin (30>°-a;) cos (180°-y) -cos (300°-x) sin (180°-y) 
a= (— sin x) ( - cos y) — cos* sin y 
= sin x cos y — cos x sin y. 
OD OK + HE 



OP OP 

OK OE HE PE # 



OE OP PE OP 

= - cos (360° - x) cos (180° - y) - sin (360° - x) sin (180° - y) 
— (— cos x) (— cos y) — (— sin x) sin y 
= cos X cosy + sin x sin y. 

Note 3. — The four fundamental formulas just proved are very important, and 
must be committed to memory. It will be convenient to refer to them as the * x, y * 
formulas. From any one of them, all the others can be deduced iu the following 
manner : 

Thus, from cos (x — y) to deduce sin (x'+ y). We have 
cos (a? — y) = cos a? cos y-f sin a; sin y . . : . (1) 

Substitute 90°— x for a; in (1), and it becomes 
cos {90°- (x + y) ] = cos (90°- x) cosy + sin (90°- x) siny. 
.\ sin (x + y ) = sin x cos y + cos x sin y. (Art. 29) 

The student should make the substitutions indicated 
below, and satisfy himself that the corresponding results 
follow : 
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From 
sin (x + y) to deduce cos (x + y) substitute (90° -fa?) for x. 

" " cos(a-y) " (90°- x) fora;. 

cos (x + y) " . " sin (a; -f y) " (90° + x) for x. 

" " " sin(a;-y) " (90°- x) for x. 

" " " cos (x — y) " — - y for y. 

etc. etc. etc. 

EXAMPLES. 

1. To find the value of sin 15°. 

sinl5°=sin(45 o -30°) 

= sin 45° cos 30° - cos 45° sin 30° 
= J_ V3 1_ 1 

V3-1 

2V2 

V3 + 1 

2V2 " 

V3-1 

2V2 

4. Show that cos 15°= ^±i. 

2V2 

3 5 

5. If sin x = -, and cos y = — , find sin (x + y) and 

♦ <»<—»)■ Ans 63 >and 56. 

» 11 

6. If sin a; = -, and cos y = -, /find sin (a; -f- y) and 

-4ns. 1, and ^—» 



2. Show that sin 75°= 



3. Show that cps 75°= 
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41. Formulae for the Transformation of Sums into Prod- 
ucts. — From the four fundamental formulae of Arts. 39 
and 40 we have, by addition and subtraction, the following : 

sin (a; -f y) -f sin (a; — y)s=gsina!COsy ... (1) 

sin(a; + y)-- sin (a? — y) = 2cosaJsiny ... (2) 

cos (x + y) + cos (a? — y) = 2cosa? cosy . . , (3) 

cos {x — y) — cos (x -f y) = 2sina; siny ... (4) 

These formulae are useful in proving identities by trans- 
forming products into terms of first degree. They enable 
us, when read from right to left, to replace the product of a 
sine or a cosine into a sine or a cosine by half the sum or 
half the difference of two such ratios. 

Let a?-f y = A, and a? — y = B. 

.-. a? = £(A + B), and y = *(A-B). 

Substituting these values in the above formulae, and 
putting, for the sake of uniformity of notation, a?, y instead 
of A, B, we get 

. sinaj-fsiny = 2sin£(a;-i-y)cos£(a;-- y) . . (5) 

sinaj — sin y = 2cos£ (x -f y) sin £ (a; — y) . . (6) 

cos x -f cosy = 2cos £ (x -f y) cos i (x — y) . . (7) 

cosy — cosa; = 2sin £ (x -f- y) sin £ (x — y) . . (8) 

The formulae are of great importance in mathematical 
investigations (especially in computations by logarithms) ; 
they enable us to express the sum or the difference of two 
sines or two cosines in the form of a product. The student 
is recommended to become familiar with them, and to com- ^ 
mit the following enunciations to memory : 

Of any two angles, the % 

Sum of the sines = 2 sin £ sum • cos^diff. 
Diff. " " " =2cos£sum.sin£diff. 
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Sum of the cosines = 2 cos £ sum -cos idiff. 
Diff. " " " =2sin£suni.sinidiff. 



\ 



EXAMPLES. 

1. sin 5a; cos 3a: = £ (sin 8 x-f sin 2 a;). 

For, sin5&cos3g = £{sin (5a; -f 3r) + sin (5a? — Sx) I 

= £ (sin 8 x -f sin 2 x) . 

2. Prove sin sin 3d = £(cos20 — cos40). 

3. " 2 sin cos £ = sin (0 + </>) + sin (0 — <£). 

4. " 2sin20cos3<£ = sin(20+3<£) + sin(20— 3<£). 
. 5. " sin 60° + sin 30° = 2 sin 45° cos 15°. 

6. " sin 40° - sin 10°= 2 cos 25° sin 15°. 

7. " sin 100+ sin 60 =2 sin 80 cos 20. 

8. " sin8« — sin4« = 2cos6asin2a. 

9. " sin3a;-f sina? =2 sin 2 a; cos a?. 

10. " sin3a5 — sina; = 2 cos 2 » sin a?. 

11. " sin 4 a; -f- sin 2 a; = 2 sin 3 a; cos ». 

42. Useful Formulae. — The following formulae, which 
are of frequent use, may be deduced by taking the quotient 
of each pair of the formulae (5) to (8) of Art. 41 as follows : 

1 sina?-f siny __ 2sin j(x + y) cos j(x — y) 
sinaj— siny 2cos£(a;-fy) sin£(# — y) 

= tSini(x + y)cotb(x — y) 

= W(* + y). (Art. 24) 

tan£(a — y) 

The following may be proved by the student in a similar 

manner : 

o sin a; + sin?/ , ,, , x 
2. — ^ = tan£(a5 -f y), 

cos x -f cosy 
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3 ain* + 8m y =3C0tK } 
cosy — cos a? 

4. sinx - siu y = tB.ui(x-y), 
cosai-fcosy 

5. !ii£zr-iiM = cotK« + y), 

cosy — cos a 

6. C0Sig + cosy = coti(a» + y) «*+(» - y). 

cosy — cos a; 

43. The Tangent of the Sum and Difference of Two Angles. 

— Expressions for the value of tan (a; -f- y), tan (x — y), etc., 

may be established geometrically. It is simpler, however, 

to deduce them from the formulae already established, as 

follows : 

Dividing the first of the l x, y ' formulae by the second, 

we have, by Art. 23, 

, / . x sin (x -f y) sin x cos y + cos x sin y 

tan (x + y) = — 7— H4 = • • 

cos (x -f- y ) cos x cos y — sin x sin y 

Dividing both terms of the fraction by cos a; cosy, 

sin a; cosy cos x sin y 

, , x cos a; cosy cos x cost/ 

tan (a? + y) = x - : r— - 

N ' cos x cos y sin x sin y 

cos a? cos y cos a? cos y 

tang + tany (Art28) . . . (1) 
1 — tanatany 

In the same manner may be derived 

to (s-y)= *"*-**** (2) 

1 -f- tana; tan y 

Also, cot (s + y) = cot * c y ~ * (3) 

cot a; -f cot y 

««^ «^* / \ ootajooty + 1 , A ^ 

and cot (x — y) = H (4) 

coty —cot a; 



# 
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EXERCISES. 

Prove the following : 

1. tan (x + 45°) = ^ ana? + 1 . 

1 — tana 

2. tan (s- 45°) = *"**"•" * ■ 

v ' 1+tana; 

o sin (x 4- y) tana; -f tan y 

sin (a; — y) tana; — tan y 

m cos {x — y) __ tana; tan y + l t 

cos (x + y) 1 — tana; tan y 

5. sin (a; + y) sin (a; — y) = sin 2 a; — sin 2 y 

= cos 2 y — cos'a;. 

6. cos (a; + y) cos (a; — y)=cos 2 a; — sin 2 y 

= cos 2 y — sin'a;. 

7. tans ±tany= sin (**?) . 

cos a; cosy 

8. ootx±coty=^^. 

sin x sin y 

A sin2a; cos 2a; 

9. — : = secas. 

sin a; cos a; 

10. If tana; = £ and tany = \, prove that tan (x + y) = f, 
and tan (x — y) = f . 

11. Prove that tan 15° = 2 - V3. 

12. If tan x= £ , and tan y = ^ prove that tan (a; -f y) = 1. 
What is (x -f- y) in this case ? 

44. Formula for the Stun of Three or More Angles. — Let 

x, y, z be any three angles ; we have by Art. 39, 
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sin (x -f y + z) = sin (x + y) cos z -f cos (x + y) sins 

= sin a? cosy cos z + cos a; siny cos 2; 
+ cosa;cosy sing — sina; siny sing . . (1) 

In like manner, 

cos (x -f y -f z) = cos a? cost/ cosg — sina; siny cos z 

— sin a; cosy sing — cos a; siny sing . . (2) 

Dividing (1) by (2), and reducing by dividing both terms 
of the fraction by cos x cosy cos z f we get 

f ( 4. f\ — tana; + tany -f tang? — tana? tany tang /^ 

1 — tan x tan y — tan y tan z — tan 2 tan x 



1. Prove that sina; + siny + sin g — sin (a; + y + g) 

= 4sin£(aj + y) sin£(y + 2) sin ^(2 + a?). 

By (6) of Art. 41 we have 

sina; — sin (x -f y + z) = — 2cos£(2a> + y + z) sin£(y + g), 
and siny -f sing = 2sin£(y -f g) cos£(y — z). 

.*. sina; + siny + sing — sin (a; -f y + z) 

=2sin|(y+g) cos£(y-g) — 2 cos £(2 a>+y+s) sin£(y+g) 
=2sin£(y + z) jcos£(y — z) -cos£(2a; + y + z)\ 
=2sin£(y + z) 2sin£(a; + y) sin£(a; + z) 
s=4sin£(a; + y) sin£(y + g) sin£(g + x). 

Prove the following : 

2. cosa? + cosy -f cos z -f cos (a; + y + 2) 

= 4cos£(y + z) cos$(g + a;) cos^(a? + y). 
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3. sin (x + y — z) = sin x cos y cos z + cos x siny cosg 

— cos ar cosy sing -f sin a siny sing. 
4 sinx + siny — sing — sin(a? + y — z) 

= 4sin£(a; — z) sin£(y — g) sin£(x + y). 

» 
5. sin (y — z) + sin (g — x) + sin (a; — y) 

+ 4sin£(y— g) sin£(g — x) sin J (x — y) = 0. 

45. Functions of Double Angles. — To express the trigo- 
nometric functions of the angle 2x in terms of those of the 
angle x. 

Put y = x in (1) of Art. 38, and it becomes 
sin 2 a;= sin x cos a; + cos a; sina^ 

or sin 2 a? = 2 sin a? cos a; (1) 

Put y = x in (2) of Art. 38, and it becomes 

cos2a; = cos 2 a; — sin 2 a; (2) 

= l-2sin 2 aj (3) 

or =2cos 2 aj — 1 (4) 

Put y = x in (1) and (3) of Art. 43, and they become 

tan2s= 2 tans (5) 

l-tan 2 a? v } 

cot2a? = cot2a? ~ 1 (6) 

2cota; v ' 

Transposing 1 in (4), and dividing it into (1), we have 

sin 2 a; , /f _ v 

— - = tana; (7) 

l + cos2aj y) 
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Notb. — These seven formulas are very important. The student must notice that 
x is any angle, and therefore these •formula) will be true whatever we put for x. 

Thus, if we write - for x> we get 

2 

sin a; = 2 sin- cos- (8) 

2 2 

cos a; = cos* £- sin*? (9) 

2 2 

or =l-2sin*?-2cos*£-l. ........ CIO) 

2 2 

and soon. 

EXAMPLES. 

Prove the following : 

1. 2 cosec 2x = sec x cosec x. 

o cosec* a; 

2. = sec2a?. 

cosec 2 ®— 2 

# 

. -- = sin2$c. 

1 -f- tan 2 a? 

A 1 — tan 2 a; 

4. = cos 2 35. 

1 -f tan 2 a? 

5. tan x + cot x = 2 cosec 2 x. 

6. cot «— tan a; =2 cot 2 a?. 

~ sin a; , a? 

7. = tan-- 

1 + cosa; 2 

Q sin a; ..a; 

8. =cot-. 

1 — cosaj 2 

9. Given sin 45° =-^; find tan 22^°. ^4n*. V2-1. 

V2 

10. Given tan »=-; find tan2 », and sin 2 a?. -— , — • 

46. To Express the Functions of 3 z in Terms of the Func- 
tions of x. 

Put y = 2 a; in (1) of Art. 38, and it becomes 
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8in3x = sin (2x + x) 

= sin 2 a; cos a? + cos 2 a? sin a? 

= 2sina? cos 2 a? + (1 — 2sin*a;) sina; (Art. 45) 

= 2 sina; (1 — sin 2 a;) + sina; — 2 sin 8 a: 

s 3 sin x — 4 sin 8 x. 
cos 3 x = cos (2 x + x) 

= cos 2 x cos x — sin 2 x sin x 

= 4 cos 8 a; — 3cos x. 

tan 3 a? = tan (2 a; + a) 

_^ tan 2 a; -f- tan a? 
1 — tan2a?tana? 

3 tan a; — tan 8 x 

*33 ^— -^— ^^— ■ ■■■■■-! — ■»« # 

1—3 tan 2 x 

EXAMPLES. 

Prove the following : 

., sin 3 a; _ , ^ 

1. — : = 2cos2aj + l. 

sinx 

o sin3aj — sina? , 

2. _ -- tan x< 

cos 3 x -f cos 05 

sin 3 a; -f- cos 3 a; „-~o ■ -i 
o. l — : = 2sin2aj + l. 

cos a; — sina; 

4. _ 1 = cot2a?. 

tan3aj — tana? cota? — cot3aj 



47. Functions of Half an Angle. — To express the func- 
x 
2 



• x 

tions of - in terms of the functions of x. 



±* 
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Since cos x = 1 — 2 sin 2 -, 

or = 2cos 2 |-l . . . [Art. 46, (10)] 

... sin«|=lr|2££ ........ (i) 

and cos*- = — *— (2) 

Or .in|-±^=J2Sf (3) 

a*d cos|= ±A /l±|25£ (4) 

By division, tan?=± JJz^™ ■ ± Lz£™ . . (5 ) 

2 \l + cosx sina? 

By formulaB (3), (4), and (5) the functions of half an 
angle may be found when the cosine of the whole angle is 
given. 

4a Find the Values of the Functions of 22£°.— In (3), 

(4), and (5) of Art. 47, put x = 45°. Then 

sin22r=J 1 ^ C Q ° s45 ° = ; ^=^> 

cos22i ,, = / 1 + COS45" V2 + V2 
\ 2 2 ' 

tan22i°= 1 -. co ^f = V§ - 1. 
sin 45 

Since 22£° is an acute angle, its functions are all positive. 

The above results are also the cosine, sine, and cotangent 
respectively of 67£°, since the latter is the complement of 
22J° (Art. 15). 
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49. Find the Sine and Cosine of 18°. 
Let *=18°; then 2x = 36°, and 3s = 54°. 
.\ 2s + 3x = 90°. 

•'• sin2x=rcos3* (Art 15) 

.•• 2sinxcosa? = 4cos*a? — 3cosa? . . (Art 46) 
or 2sinx = 4cos , x — 3 

= 1— 4 sin's. 

Solving the quadratic, and taking the upper sign, since 
sin 18 must be positive, we get 



sin 18°= 



V5-1 



4 

Also, cos 18°= Vl - sin* 1 y>_ VlO + 2 V5 

4 

Hence we have also the sine and cosine of 72° (Art. 15). 

SO. Inverse Trigonometric Functions. - The equation 

" Z Z X meanS that ' is ** «Wto whose sine is *; this 
nay be written 6=sin~> x , where sin-* is an abbreviation 
for the angle (or arc) whose sine is x. 

*n!w e Symh ° h C °*~ lx > tan_1 ^ and *»"** are read "the 
angle (or arc whose cosine is *,» -the angle (or arc) whose 
tangent is *,» and "the angle (or arc) whose secant is y .» 
inese angles are spoken of as being the inverse sine of x, the 
inverse cosine of x, the inverse tangent of x, and the inverse 
secant ofy respectively. Such expressions are called inverse 
trigonometric functions. 

sin a: 

*•*• *° *« """'f — ^4 «■ «* - ««** ba* U ^ onl, tor ft.^ 
tloular angle 60°. 
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This notation Is only analogous to the use of exponents In multiplication, where 
we have a _1 o = o° = l. Thus, cos" 1 (cos a?) =*, and sin (sin' 1 a) = a; that is, cos' 1 
is inverse to cos, and applied to it annuls it; and so for other functions. 

The French method of writing inverse functions is 
arc sinx, arc coax, arc tanx, and so on. 



1. Show that 30° is one value of sin" 1 ^. 

We know that sin 30°= £. .-. 30° is an angle whose sine 
isi; or 30°= sin" 1 f 

2. Prove that tan" 1 ^ + tan- 1 ^ = 45°. 

tan" 1 ^ is one of the angles whose tangent is £, and tan" 1 -J 
is one of the angles whose tangent is £. 

Let a = tan~ 1 ^-, and ^rstan" 1 ^; 

then tana = £ and tan£ = £. 

Now tan (« + £)= *ana + tanff . . . t Art. 43) 

1 — tan«tan£ 

= _i±i_ = i 

But tan 45°= 1, .-. a + = 45°; 
that is, tan- 1 £ + tan" 1 \ = 45°. 

. Therefore 45° is one value of tan" 1 ^ + tan" 1 -^ 

3. Prove that tan" 1 x + tan" 1 y = tan" 1 g ~*" y 

1 — xy 

Let tan^&ssA. .*. tan A = a. 
tan -1 y = B. .•. tanB = y. 

Now tan(A + B) = tanA + tanB 

v ' 1-tanAtanB 



= s + y r 

1 — xy 
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.-. A + B = tan" 1 £±iL 

1 — xy 

.-. tan-'aj + tan^ysstaii- 1 ^^. 

1 — xy 

Any relations which have been established among the 
trigonometric functions may be expressed by means of the 
inverse notation. Thus, we know that 



4. cos x = Vl — sin 2 x. 

This may be written x = cos" 1 VI — sin 2 a? . . (1) 

Put sina? = 0; then x = sin* 1 0. 



Thus (1) becomes sin* 1 = cos" 1 Vl — 0". 

6. By Art. 46, cos20 = 2cos 2 0-l, 

which may be written 20 = cos" 1 (2 cos 2 — 1). 
Put cos = a5. .-. 2cos" 1 o; = cos" 1 (2as 2 — 1). 

6. By Art. 46, sin20 = 2sin0cos0, 

which may be written 20= sin" 1 (2 sin cos 0). 



Put sin0 = a?. .\ 2 sin" 1 x = sin" 1 (2 x Vl — a 2 ) 
7. Prove sin^a^ cos" 1 Vl — as 2 = tan" 1 



x 



Vl-* 2 



8. " tan" 1 aj = sin" 1 — ^— -=cos" 1 * 



VT+I? Vl + aJ* 



9. " 2tan- 1 a? = tan- 1 --^.. 

1 — or 



10. " sin (2 sin" 1 *?) = 2 a VT^i?. 

11. " tan-^ + tan- 1 ^^. 
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5L Solution of Trigonometric Equations. — A Trigono- 
metric Equation is an equation in which the unknown 
quantities involve trigonometric functions. 

The solution of a trigonometric equation is the process of 
finding the values of the unknown quantity which satisfy the 
equation. As in Algebra, we may have two or more simul- 
taneous equations, the number of angles involved being 
equal to the number of equations. 



1. Solve sin = -« 

This is a trigonometric equation. To solve it we must 
find some angle whose sine is -• We know that sin 30°= -• 

Therefore, if 30° be put for 0, the equation is satisfied. 

,\ = 30° is a solution of the equation. 

5 

2. Solve cos $ + seed = -• 

The usual method of solution is to express all the func- 
tions in terms of one of them. 

Thus, we put for seed, and get 

r COS0 & 

cos0 + -^- = £. 
cos0 2 

This is an equation in which 0, and therefore cos0, is 
unknown. We proceed to solve the equation algebraically 
just as we should if x occupied the place of cos $, thus : 

cos 2 — - COS $ = — 1. 

2 

... cos0 = ^±? 
4 4 

= 2 or 1. 
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The value 2 is inadmissible, for there is no angle whose 
cosine is numerically greater than 1 (Art. 21). 

.*. COS0 = -« 

2 

But cos 60° = i. 

.-. cos = cos 60°. 
Therefore one value of which satisfies the equation is 60°. 

3. Solve cosec — cot 2 + 1 = 0. 

We have cosec — (cosec 2 — 1 ) + 1 = . . (Art. 23) 
cosec 2 — cosec = 2. 

.•. cosec = - ± - 
2 2 

= 2 or - 1. 
But cosec 30° = 2. 

.\ cosec = cosec 30°. 

■ 

Therefore 30° is one value of which satisfies the equation. 

Find a value of which will satisfy the following equa- 
tions : 

4. cos = cos 2 0. Ans. iir. 

5. 2 cos = sec ft 45°. 

6. 4sin0-3cosec0 = O. 60°. 

7. 4 cos = 3 sec ft 30°. 

8. 3 sin - 2 cos 2 = 0. 30°. 

9. V2 sin = tan ft 0° or 45°. 

10. tan = 3 cot ft 60°. 

11. tan + 3 cot = 4. 45°. 

12. cos0 + cos30 + cos50 = O. * ?jr. 



\ 
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52. Table of Useful Formulae. — The following is a list 
of important formulae proved in this chapter, and summed 
up for the convenience of the student : 

1. sin (x -f y ) = sin x cos y -f- cos x sin y . . (Art. 39) 

2. cos (x -f y ) = cos x cos y — sin x sin y. 

3. sin (x — y ) = sin as cos y — cos a; sin y . w (Art. 40) 

4. cos (a? — y ) = cos a cos y + sin a sin y. 

5. 2 sin x cos y = sin (x -f y) + sin (a; — y) . (Art. 41) 

6. 2 cos a; sin y = sin(a; + y) — sin(a5 — y). 

7. 2cos«cosy = cos (a: -f y) + cos (a; — y). 

8. 2sinajsiny = cos(a; — y) — cos (a? + y). 

9. sinaj + siny = 2sin£(aj + y)cos£(a5 — y). 

10. sin a; — siny = 2cos^(aj + y) sin b(x — y). 

11. cosa; + cosy = 2cos£(a;-t-y) cos£(a5 — y). 

12. cosy — cos a? = 2sin^(aj -f y) sin^(aj — y). 

13 sin x + sin y = tan^(a?-f-y) rj^ 42 \ 

sin a; — siny tan£(a; — y) 

14. taa(» + y) . = tan £ +tan 2 _ (Art. 43) 

1 — tana; tan y 

15. tan(»-y) = *"»-tany . 

1-f tana? tan y 

16. oot(» + y) „ «*««*»-! . 

cota; + coty 

„ ./ N cotacoty + 1 

17. cotfa — y) = — ^t— 

cot y — cot x 



18 



■^■ ±4 ^-rii£i ^-^ 
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19. sin (® + y) sin (® — y) = sin 2 a? — sin 2 y = cos*y -r- cos* a?. 

20. cos (® + y) cos (® — y) = cos 2 a? — sin 2 y = cos 2 y — sin 2 ax 

21. tans ±tany = sin <***> . 

cos x cos y 

22. cot®±coty== sin ( y * a? ) . 

sin® sin y 



23. sin 2a; = 2sin®cos® = 



2 tan a; 
1 + tan 2 x 



. . . (Art. 45) 



24. cos2® = cos 2 ® — sin 2 ® = 1 — 2 sin 2 ® = 2cos 2 ® — 1 

1 — tan 2 ® 
1-4- tan 2 ® 

OK 1 — cos2® 2sin 2 ® . • 

25. — = - — — ■ = tan 2 ®. 

1-4- cos 2® 2 cos 2 ® 



26. tan2« = 



2 tan® 
1 — tan 2 ® 



27. cot2® = 



cot 2 ® — 1 
2 cot® 



28. sin3® =3 sin® — 4 sin 8 ® (Art. 46) 

29. cos 3 ® => 4 cos 8 ® — 3 cos ®. 



30. tan 3® = 



3 tan® — tan 8 ® 

■ « 

1 — 3 tan 2 ® 



Di . *x 1 — cos® 

31. sin 2 - = 

2 2 

00 2 ^ 1 + cos® 

32. cos'- =^t_ 



33. tan^-l-tan-^sstan- 1 ^^ 

l — xy 



(Art. 47) 



(Art. 50) 



— i 
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EXAMPLES. 



1 2 

1. If sina = -, and sin p = -, find a value for sin (a+fi) 

and sin (a -/?). ^ ns V5 + 4V2 . V5-4V2 



9 ' 9 

2. If cos a = -, and cos /? = —!, find a value for sin (a+/3) 
andcos(a + /3). , 156 133 



Arts. 



205' 205 



3 2 

3. If cos a = -, and cos = -, find a value for sin (a + ft) 

4 5 
and sin (a -/?). ^ 2V7 + 3V21 2V7-3V21 



20 ' 20 

4 3 

4. If sina = -, and sin/? = -, find a value for sin(a+£) 

o o 

and cos (a -0). Ana 1 '^ 

9 25 

5. Prove cos + cos 30 = 2cos20cos0. 

6. " 2cosacos£ =cos (a — /?) + cos(a + P). 

7. " 2sin30cos50 =sin80-sin20. 

8. " 2cosf0cos~ = cos0 + cos20. 

9. " sin40sinfl = £(cos30 — cos50). 

10. " 2 cos 10° sin 50° = sin 60° + sin 40°. 

Prove the following statements : 

11. cos3a — cos7a = 2sin5asin2a. 

12. sin 60° + sin 20° = 2 sin 40° cos 20°. 

13. sin30 + sin50 =2sin40cos0. 

14. sin70 — sin50 = 2cos60sin0. 
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15. cos50 + cos90 = 2cos70cos20. 

16 fi in2fl + sinfl -tan M 
cos0 + cos20 2 

17. cos (60° + A) -f- cos (60° - A) = cos A. 

18. cos (45° +A)-f cos (45° - A) = V2 cos A. 

19. sin (45°+ A) - sin (45°- A) = V2sin A. 

20. cos20 + cos40 = 2cos30cosft 

21. cos40 — cos60 = 2sin50sin0. 

22. cos0 -f- cos30 4- cos50 + cos70 = 4cos cos2 $ cos 4ft 

23. sin(A-45°) = sinA - COsA > 

V2 

24. V2 sin (A 4- 45°) = sin A 4- cos A. 

25. cos (A + 45°) + sin (A - 45°) = 0. 

26 tan(fl-<fr) + tan<fr =taD fl/ 
1 — tan (0 — <f>) tan <f> 

27. tan (J + ») - tan g =tan ^ 
l + tan(0 4-<£)tan0 

28. cos (0 + <f>) - sin (0 - <f>) = 2sin fe - $\ cos f | - A 

29. sin nO cos 4- cos nO sin = sin (n 4- 1) 0. 



31. tan (* -|\ + cot (* + f ) = °- 

32. cot^-^ + tan^ + ^ = 0. 
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33. If tana? = 1, and tany = — — , prove that 

tan (x + y) = 2 + V3. 

in. 1 

34. If tana = , and tanfl s= -, prove that 

m + 1' H 2m + 1 ^ 

tan (a + 0) = 1. 

35. If tana = m, and tan/? = n, prove that 

cos (« + /?)= 1 - mw 



V(l+m*)(l + n>) 

36. If tan0 = (a + 1), and tan <£ = (a — 1), prove that 

2cot(0-<f>) = a 2 . 

Prove the following statements : 

- 2 — sec*0 nno oa 

37. — — = cos 2 0. 

sec*0 

38. cos 2 0(l-tan 8 0) = cos2ft 

39. cot2^ = cot ^- 1 



2 cot (9 



A A O/l COt 8 + l 

40. sec 2 = — ,.,».. ' 

cot*0-l 

sin| + cos- J = 1 + sin ft 



42. f sin- — cos- i = 1 — sinft 



/ 0\* 

( 8in 2- C ° 8 2 > ) 

43. 1 + Be °° =2cos»l 
sec0 2 

-, cos 20 _ 1 — tang 
l + sin2g'"l + tantf" 

1 + tan^ 
45. -22S» = 1 

2 
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Aa sin 30 cos30 
sm0 cos0 

47. ™*M + ?™M =2cot2A 

sin cos 

48. 8 4Hi? = 2cos20. 
sin 20 

49. tan(45°H-»)-tan(45°-aj) = 2tan2as. 

50. tan (45°- x) + cot (45°- x) = 2 sec 2 a. 

51. £253* = 2cos2a ._ L 

cos a 

12 1 

52. If tan0 = -, and tan<£ = —-, prove tan (20 + ^) = — 



53. Prove that tan- and cot- are the roots of the 

equation 

x 9 — 2x cosecfl + 1 = 0. 



54. If tan = -, prove that 

a 



*a — o *a -f-o 



2 cos 6 



+ o Vcos 2 

Prove the following statements when we take for sin" 1 , 
cos -1 , etc., their least positive value. 

55. sin" 1 i = cos" 1 ^? = cot" 1 VS. 

66. 2tan-'(oo 8 2g) = tan- Y cot ' g ~ *** ). 

67. 4tan-l-tan- 2 -L = J 

68. sin-.| + sin-^ + sin-||=:|. 
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59. tan- 1 V5 (2 - VS) - cot- 1 V§ (2 .+ V3) = cot" 1 VS. 

60. sec- 1 3 = 2 cot- 1 V2. 

61. 2cot- 1 sc = cosec- 1 :Lt£ 

2x 

62. tan- 1 ^+^ + tan- 1 ^ = 3 5> 

V3-V2 *2 4 

63. sin -1 — + cot -1 3 = -. 

V6 4 

64 cos- 1 H + 2tah- , i = sin- 1 5. 
65 5 5 

65. If $ = sin- 1 ! and * = C08 " 1 | then * + * = 90°. 



5' " 5 



66. Prove that cos (2 tan- 1 x) = 



1-x* 
1 + x* 



67. « « tan-^+cosec^VlO^?. 

2 4 

68. « « 2tan- 1 |-cosec- 1 ^ = sin- 1 ?§. 

3 3 65 

69. « « 2tan- 1 l + co 8 - l4 . = * 

2^ 5 2 

70. « « sin- 1 (cos*) + cos- 1 (siny) + a! + y= s ». 

71. - . te n- 1 T i_ +tan - lr l_ + ten - 1 2 =snir 

72. « « to - l£ ^ + tan- 1 § -L I=n , + i . 

73. « « sin^aj-sin^y 

= cos- 1 (xy ± Vl-a^ — ^ + oY). 
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Solve the following equations : 

.74. tan0 + cot0 = 2. Ana. 4S°. 

75. 2 sin* 6 + V2 cos = 2. 90°, or 45°. 

76. 3tan 2 0-4sin 8 = l. 48°- 

77. 2sin 8 + V2sin0 = 2. 45°- 

78. cos*0-V3cos0 + i = O. 30°. 



IT 



79. sin 5 = 16 sin'0. ±^ 

80. sin90-sin0 = sin4tf. ± ^jr 

81. 2sin0 = tan0. ±|* 

82. 6cot*0-4cos 2 = l. ±|- 

83. tan0 + tan(0-45°) = 2. ±|- 

84. cos0+V3sin0 = 2. ±|- 

85. tan(0 + 45°) = l + sin20. -|- 

86. (cot0-tan0) 2 (2+V3) = 4(2-V3). ±|j 

87. cosec cot = 2 V3. ±|* 

88. cosec + cot = V3. + i»- 

89. sin - = cosec — cot 0. 0°. 

90. sin 2 + cbs 2 20 = f. ±^> or ±^t. 



BIGHT TRIAKGLES. 



CHAPTER IV. 

BELAHOJfS BETWEEN THE SIDES OF A TBIAHGLE 
AJTD THE FUHOTIONS OF ITS ANGLES. 

53. Formula. — In this chapter we shall deduce formulae 
which express certain relations between the sides of a tri- 
angle and the functions of its angles. These relations will 
be applied in the next chapter to the solution of triangles. 
One of the principal objects of Trigonometry, as its name 
implies (Art. 1), is to establish certain relations between 
the sides and angles of triangles, so that when some of 
these are known the rest may be determined. 




RIGHT TRIANGLES. 

54. Let ABC be a triangle, right-angled at G. Denote 
the angles of the triangle by the let- 
ters A, B, C, and the lengths of the 
sides respectively opposite these an- 
gles, by the letters a, b, c* Then we 
have (Art. 14) the following relations : a 6 C 

a = csinA = ccosB = 6 tan A = ftcotB . . (1) 

b =csinB = ccosA = atanB = acotA . . (2) 

c =6secA = asecB = 6cosecB = acosec A . (3) 
which may be expressed in the following general theorems : 

* The student must remember that a, 6, c, are numbers expressing the lengths of 
the sides in terms of some unit of length, such as a foot or a mile. The unit may be 
whatever we please, but must be the same for all the aides. 



/ 



/ 



/ 



/ 



/ 
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I. In a right triangle each side is equal to the product of the 
hypotenuse into the sine of the opposite angle or the cosine of 
the adjacent angle. 

II. In a right triangle each side is equal to the product of 
the other side into the tangent of the angle adjacent to that 
other side, or the cotangent of the angle adjacent to itself 

III. In a right triangle the hypotenuse is equal to the 
product of a side into the secant of its adjacent angle, or the 
cosecant of its opposite angle. 

EXAMPLES. 

In a right triangle ABC, in which C is a right angle, 
prove the following : 



1. tan B = cot A + cos C. 
3. cos2A + cos2B = 0. 

5. cosec2B = -£- + — . 

2b 2a 



2. sin2A = sin2B. 
2ab 



7. tan2A = 



2ab 



4. sin2A = 
6. cos2A = 
8. sin3A = 



c 2 
6 2 -a* 

c 2 
3afc 2 -a 8 



OBLIQUE TRIANGLES. 

55. Law of Sines. — In any triangle the sides are pro- 
portional to the sines of the opposite angles. 

Let ABC be any triangle. Draw C 

CD perpendicular to AB. 
We have, then, in both figures 

CD = a sin B = ft sin A. (Art. 54) 

.•. a sin B = b sin A. A 

a __ b 
sin A sin B 

Similarly, by drawing a perpen- 
dicular from A or B to the opposite 
side, we may prove that A 
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or 






b 


= 


c 


and 


sinB 


sinC* 


a 




b 


c 



a 



sin C sin A 



sin A sinB sinC 



a : b : c = sin A : sin B : sin C. 



56. Law of Cosines. — In any triangle the square of any 
side is equal to the sum of the squares of the other two sides 
minus twice the product of these sides and the cosine of the 
included angle. 

In an acute-angled triangle (see 
first figure) we have (Geom., Book 
III., Prop. 26) 



BC = ACT + AB - 2 AB x AD, 
or a 2 = 6 2 -fc 2 -2c. AD. 
But AD = b cos A 

.-. a 2 = ft 2 4-c 2 — 2&ccos A. 

In an obtuse-angled triangle (see 
second figure) we have (Geom., 
Book III., Prop. 27) 




or 



But 



BCT = ACT + AB' + 2 AB x AD, 

a 2 = & 2 + c 2 + 2c. AD. 

AD = b cos CAD = — b cos A. 
.-. a^Z^-Hc 2 — 26ccosA. 
Similarly, b 2 = c 2 -f a 2 — 2 ca cos B, 

c 2 = a 2 + 6 2 -2aftcosC. 



Note. — When one equation in the solution of triangles has been obtained, the 
other two may generally be obtained by advancing the letters so that a becomes o, 
b becomes c, and c becomes a; the order is abc, bea, cab. It is obvious that the 
formulae thus obtained are true, since the naming of the sides makes no difference, 
provided the right order is maintained. 



4 



«* 



:3 :jlTzit 



* 



A 



" m ^ m » m^^w—^ — ^, Cf f z-tomam w mmk c* amy 

*~i_».i A~ *zr3 

_v.r_ ♦ A~£ . - _* . _ 



4/ 



»^ r**^t .x. '; . »-5 



f z:js.j z& written 
a + h _ #v,t j C 

awl *h/,;^r ezpre**i*i* for T2; and (3). 

aa *«»lwwfliatimt UV trwj|gie c=a eo B B + 6e«A. 

In an acuU^atujled triangle (first figure of Art 56) we 
' Ve c=DB + DA 

= acosB + 6cosA. 

In an otiuBe-wyled triangle (second figure of Art 56) 
we have 

c-DB-DA 

«acosB — cos CAD. 
.'. c = acosB + 0cosA. 
Similarly, b = c cos A + a cos C, 

a = 6 cos C + c cos B. 
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EXAMPLES. 

1. In the triangle ABC prove (1) 

a -f 6 : c = cos \ ( A — B) : sin £ C, 
and (2) a — 6 : c = sin |( A — B) : cos £ C. 

2. If AD bisects the angle A of the triangle ABC, prove 

BD : DC = sin C : sin B. 

3. If AD' bisects the external vertical angle A, prove 

BD':CD' = sinC:sinB. 

, „ 1 2cos£Acos4-(B-C) 

4. Hence prove — — = 2 r- 2 ^ L \ 

DC a sin B 

and also 1 arinjArinHO-B) . 

D'C a sin B 

59. To express the Sine, the Cosine, and the Tangent of 
Half an Angle of a Triangle in Terms of the Sides. 

» I. By Art. 56 we have 

cosA = 62 + c2 '~ a2 =l-2sin 2 |:. • • • (Art. 45) 
26c 2 v ' 

... 2sin»A == i_^±£!zi« 8 
2 2bc 

= a »-(fr-. c ) 2 
2 be 

_ (a 4- b — c) (a — 6 + c) 
" 26c 

Let a + 6 + c = 2s; 

then . a + 6 — c = 2(s—c), and a— 6 -fc = 2(s — 6). 

... 2sin*A = 2 (*-*) 2 (*--&) . 



2 26c 



. A 

sin — 

2 



= J( s ~ b )(«^ A . . . . (i) 
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Similarly, sin| = ^HEMES ( 2 ) 

sin C = JSEiHiEli (3) 

2 \ 06 v ' 

IL cos A = 2 cos'^ - 1 (Art 45) 

2 2bc 

^ (b + cy-g* 
2bc 

_ (a -f- b -f- c) (6 -f- c — a) 
~ 26c 

2s.2(s-a) 
2bc 

A ls(s — a) /iX 

Similarly, cos? = J^EIl (5). 

cos? = Ji^=^ (6) 

2 \ oft v 

III. Dividing (1) by (4), we get 

tanA = J(i=&K£^i (7 ) 

2 \ s(s-a) v 

Similarly, tanf = J£= /><*-°) (8) 

2 \ s (s — 0) 

tang --/('-«>('-») (9) 

2 \ s(s-c) v ' 

Since any angle of a triangle is < 180°, the half angle is 
<90°; therefore the positive ' sign must be given to the 
radicals which occur in this article. 
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GO. To express the Sine of an Angle in Terms of the 

Sides. 

A A 

sin A =■ 2 sin --cos— (Art. 45) 

\ be A/ be 

(Art. 59) 



,\ sin A = — V* (* — a) (s — b) (* — c). 
be 

Similarly, sin B = — - Vs (* — a) (s — b) (* — c), 

ac 

sin C = -- V* (* — a) (s — 6) (s — c). 

Cor. sinA = -^-V26 2 c s, + 2c , a 2 +2aV-a 4 -6 4 -c 4 , 

26c 

and similar expressions for sin B, sin 0. 



EXAMPLES. 

In any triangle ABC prove the following statements : 

1. a (6 cos C — c cos B) = V — c 2 . 

2. (6 4- c) cos A+ (c + a) cosB -f (a + 6) cosC = a + 6 + c 

o sinA + 2sinB sinC 
o. — = • 

a + 26 c 

- sin 2 A — m sin 2 B __ sin 2 C 
a* — nib? c 2 

5. a cos A + 6 cos B — ccos C = 2c cos A cosB. 

fi cos A , cosB , cosC 

6. 1 1 = 2. 

sin B sin G sin C sin A sin A sin B 

7. asin(B-C) + osin(C-A) + csin(A-B)=:(). 

8. tan i A tan £ B = — — — 

8 

9. tan £ A -i- tan £ B = (s — 6) -*- (s — c). 
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6L Expressions for the Area 
of a Triangle. 

(1) Given two sides and their 
included angle. 

Let S denote the area of the tri- 
angle ABC. Then by Geometry, 

2S = cxCD. 



But in either figure, by Art. 



64, 



Similarly, 



CD = b sin A. 
,\ S = £6csinA. 

S = £ ac sin B, 
S = £ ab sin C. 




(2) Given one side and the angles. 

Since a : b = sin A : sin B 

asinB 



(Art. 55) 



.-. 6 = 



sin A ' 



which in 



S = £ ab sin C, gives 
o 2 sin B sin C 



S = 



Similarly, 



S = 



2 sin A 
b 2 sin A sin C c* sin A sin B 



2sinB 



2sinC 



(3) Given the three sides. 



sin A = — Vs(s — a) (s — b) (s — c) 
be 



(Art. 60) 



Substituting in 



we get 



S = £ be sin A, 

S = Vs(s — a) (s — b) (s — c). 
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62. Inscribed Circle. — To find the radius of the inscribed 
circle of a triangle. 

Let ABC be a triangle, the 
centre of the inscribed circle, and 
r its radius. Draw radii to the 
points of contact D, E, F ; and join 
OA,0B, OC. Then 

S = area of ABC 

= A AOB + A BOC + A COA 

= \rc + %ra + \rb 




a + 6 + c 
= r — „ ^ = rs 

2 



• • • 



(Art. 59) 



. rss g /E «) (*-&)(* -<o m (Art61) 

s \ s 



63. Circumscribed Circle. — To find the radius of the 

circumscribed circle of a triangle in q 

terms of the sides of the triangle. 

Let be the centre of the circle Aj 
described about the triangle ABC, 
and R its radius. 

Through draw the diameter CD 
and join BD. D" 

Then Z BDC = Z BAC = ZA. 

.% BC = 2 R sin A, or a = 2 R sin A. 




But 



.-. R = 



a 



sinA = 



.-. R = 



2sinA 2sinB 2sinC 

2S 
be 

abc 

4S 



. . (1) 



(Art. 61) 



(2) 
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EXAMPLES. 

In a right triangle ABC, in which is the right angle, 
prove the following : 

1. o 08 2B = sin,A - 8in ' B . 

sin 2 A + sin'B 

2. 8 in«? = ^?. 

2 2c 

+ c 



3. (cosf + sin|J=- 

4. cos'£ = *±* 

2 2c 

5. sin (A — B) + cos2A = 0. 

6 . ?L=l| = tan^. 
a + 6 2 

7. sin(A-B) + sin(2A + C) = 0. 

8. tan£A = a 



6 + c 
9. (sinA-sinB) 2 +(cosA + cosB) 2 = 2. 

In any triangle ABC, prove the following statements : 

10. (a + &)sin5 = CC osA— -. 
v ' 2 2 

11. (6-c)cosA = a sin?^. 

2 * 2 

12. a(& 2 +^)cosA+&(c 2 -ha s ) cosB + c ( aS + 62 ) cosC = 3a&c - 
a — 6 cos B — cos A 



13. 



1 + cos C 



u. fr + c _ cos B + cos C 
a 1 — cos A 
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^ t? /r — = — c — ' — ri 6*sin C 4- c'sin B 

15. V6csinBsinC = ^ 

6 + c 

16. a+b+c = (6 + c)cos A + (c + a)cos B + (a + &)cos C. 

17. 6+c— a = (& + c)cosA — (c — a)cosB +(a — 6)cosC. 

18. acos (A+ B + C) - fccos (B +A) — ccos (A + C) = 0. 
in cos A . cosB , cosC a* + b* + c* 

iy. j _ 1 = __ . 

a b c 2abc 

20. tanA = asinC 



6 — acos C 



21. 6cos 2 — + ccos 2 -- = *. 

2 2 

22. tangtang = ? + c - a . 

2 2 & + c + a 

23. tan^(& + c-a) = tan?(c + a-&). 

24. c s = (a + 6) , sin»^ + (a-6) J cos 1 ^. 

25. c(cosA4-cosB) = 2(a + &)sin 2 ^. 

26. c(cosA — cosB) = 2(6 — a)cos 2 -- 

27. tanB + tanC = (a 2 + 6 2 -c 8 )-f-(a 8 -6 2 + c 8 ). 

28. a* + 6 31 + c 2 = 2 (a& cos C + be cos A + ca cos B ) . 

29. cos 2 A ■+■ cos 2 ? = (s - a) -s- b (« - 6) . 

30. 6 sin 2 — + c sin 2 — = 3 — a. 

2 2 

31. If p is the length of the perpendicular from A on 

BC, sinA = 2P. 

be 
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qo t* /i — : — \T~- — 7* 6 2 sin B -f-c^sinC .* t> r\ 

32. It V be sm B sin C = — , then B = C. 

6 + c 

QQ B C A 

33. a cos -— cos — cosec — = s. 

2 2 2 

34. If cos A = £ , and cos B = |$, *^ en cos C = — £$. 

35. If sin 2 B + sin 2 C = sin 2 A, then A = 90°. 

36. If D is the middle point of BC, prove that 

4AD 2 = 26 2 + 2c 2 -a 2 . 

37. If a = 2 b, and A = 3B, prove that C = 60°. 

38. If D, E, F, are the middle points of the sides, BC, CA, 
AB, prove 

4( TB 2 + BE* + CF 2 ) = 3(a 2 + b* + c 2 ). 

39. If cos B = ^4t, prove that B = C. 

2sinC' * 

40. If a 2 = 6 2 - be + c 2 , prove that A = 60°. 



41. If the sides of a triangle are a, 6, and Va 2 + aft + & 2 , 
prove that its greatest angle is 120°. 

42. Prove that the vertical angle of any triangle is 
divided by the median which bisects the base, into seg- 
ments whose sines are inversely proportional to the adja- 
cent sides. 

43. Find the area of the triangle ABC when a = 625, 
b = 505, c = 904 yards. Arts. 151872 sq. yards. 

44. Prove that the lengths of the sides of the pedal tri- 
angle, that is, the triangle formed by joining the feet of the 
perpendiculars, are a cos A, b cos B, c cos C, respectively. 

45. Prove that the angles of the pedal triangle are, 
respectively, j-2A, t-2B, tt — 2C. 

46. Prove that the area of the incircle : area of the tri- 

, ,A .B .C 

angle : : ir : cot — cot - cot — • 

Z Ii £ 



SOLUTION OF TRIANGLES. 88 



CHAPTER V. 
SOLUTION OF TEIANGLES. 

64. Triangles. — In every triangle there are six elements, 
the three sides and the three angles. When any three ele- 
ments are given, one at least of the three being a side, the 
other three can be calculated. The process of determining 
the unknown elements from the known is called the solution 
of triangles. 

Nora. — If the three angles only of a triangle are given, It is impossible to deter- 
mine the sides, for there is an infinite number of triangles that are equiangular to 
one another. 

Triangles are divided in Trigonometry into right and 
oblique. We shall commence with right triangles, and shall 
suppose C the right angle. 

RIGHT TRIANGLES. 

65. There are Four Cases of Bight Triangles. 

I. Given one side and the hypotenuse. 

II. Given an acute angle and the hypotenuse. 

III. Given one side and an acute angle. 

IV. Given the two sides. 

Let ABC be a triangle, right-angled 
at C, and let a, b, and c, as before, be 
the sides opposite the angles A, B, 
and C, respectively. 

The formulae for the solution of right triangles are (1), 
(2), (3) of Art. 54. 
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Logarithmic Solution. 



log a = log c + log 


sin 


A. 


log 6 = log c -f log cos A. 


log c = 2.09691 
log sin A = 9.91051 






log c = 2.09691 
log cos A = 9.76431 


log a * = 2.00742 






log 6 * = 1.86122 


.\ a = 101.72. 


* 




.-. 6 = 72.647. 



Ex. 2. Given A = 37° 10', c = 8762 ; find a and 6. 

Ans. 5293.4; 6982.3. 

68. Case HL — Given a side and an acute angle, as A 
and a; to find B, 6, c. 



We have 
Also 



B = 90°-A. 

6 = — 5— and c = -5L_. 
tan A sin A 



and 



.\ log b = log a — log tan A, 
log c = log a — log sin A. 



Ex. 1. Given A = 32° 15' 24", a = 5472.5 ; find B, 6, c. 



Solution. 
B = 90° - A = 57° 44 r 36". 



log b = log a — log 


tan A. 


log c = log a — log sin A 


log a = 3.73818 




log a = 3.73818 


log tan A = 9.80011 




log sin A = 9.72731 


log b = 3.93807 


log c = 4.01087 


.-. 6 = 8671.0. 




.-. c= 10253.5. 



Ex. 2. Given A = 34° 18 f , a = 237.6 ; find B, 6, c. 

Ans. B = 55° 42'; 6 = 348.31; c = 421.63. 

* Ten U rejected became the tabular logarithmic function* are too large by ten. 
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69. Case IV. — Given the two sides, as a and b; to find 
A, B, c. 



We have 
Also 



a 



tanA = ^; then B = 90°-A. 



cj= a cosec A = 



a 



sin A 
•\ log tan A = log a — log 6, 

and log c = log a — log sin A. 

Ex. Given a = 2266.35, b = 5439.24 ; find A, B, c. 

Solution. 



log tan A = log a — log b. 

log a = 3.35533 
log b = 3.73554 



log c = log a — log sin A. 

log a = 3.35533 
log sin A = 9.58503 



log c = 3.77030 
.-. c = 5892.5. 



log tan A = 9.61979 
.-. A = 22° 37' 11". 
.-. B = 67° 22' 49". 

Note. — In this example we might have found c by means of tbe formula 
c = y/a* + 6 s ; but we would have bad to go tbrougb tbe process of squaring tbe 
values of a and b. If tbese values are simple numbers, it is often easier to find c in 
this way; but this value of c is not adapted to logarithms. A formula which consists 
entirely of factor 8 is always preferred to one which consists of terms, when any of 
those terms contain any power of the quantities involved. 

70. When a Side and the Hypotenuse are nearly Equal. 
— When a side and the hypotenuse are given, as a and c 
in Case L, and are nearly equal in value, the angle A is very 
near 90°, and cannot be determined with much accuracy 
from the tables, because the sines of angles near 90° differ 
very little from one another. It is therefore desirable, 
in this case, to find B first, by either of the following 
formulae : 



. B /l 

m 2 = \- 

-4 



— cosB 



c — a 
2c 



(Art. 46) 



(1) 
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. B /l — cosB /A , .^v 

tan — ss=x/- — (Art. 46) 

2 \l4-cosB v ' 



4 



4-cosB 
rf^ (2) 



Then 6 = ccosA (3) 

or =^(c + a)(c — a) (4) 

Ex. 1. Given a = 4602.21059, c = 4602.836 ; find B. 

c-a = 0.62541, log (c-a) = 1.79616 

2 c = 9205.672, log 2 c = 3.96405 

2)5.83211 
log sin - = 7.91606 

B = 56' 40".32. .-. f = 28'20".16. 

2 

Non. — The characteristic 5 1b increased numerically to 6 to make it divisible 
by 9. Ten is then added to the characteristic 8, making it 7, so as to agree with the 
tables. 

There is a slight error in the above value of B on account 
of the irregular differences of the log sines for angles near 
0°. A more accurate value may be found by the principle 
that the sines of small angles are approximately propor- 
tional to the angles (Treatise on Trigonometry, Art. 130). 

EXAMPLES. 

The following right triangles must be solved by log- 
arithms. 

1, Given a = 60, c = 100 ; find A, B, 6. 

Ans. A = 36° 52'; B = 53°8'; 6 = 80. 

2. Given a = 137.66, c = 240 ; find A, B, 6. 

Ans. A = 35°; B = 55°; 6 = 196.59. 
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3. Given a = 147, c = 184 ; find A, B, 6. 

Ans. A = 53°1'35"; B = 36° 68' 25"; 6 = 110.67. 

4. Given a = 100, c = 200; find A, B, 6. 

Ans. A = 30°; B = 60°; 6 = 100V& 

5. Given A = 40°, c = 100; find B, a, b. 

Ans. B = 50° ; a = 64.279 ; b = 76.604. 

6. Given A = 30°, c = 150 ; find B, a, b. 

Ans. B = 60°; a = 75; 6 = 75V3. 

7. Given A = 32°, c = 1760; find B, a, b. 

Ans. B = 58° ; a = 932.66 ; b = 1492.57. 

8. Given A = 35° 16' 25", c = 672.3412 ; find B, a, b. 

Ans. B = 54° 43' 35" ; a = 388.26; 6 = 548.9. 

9. Given A = 75°, a = 80; find B, 6, c. 

Ans. B = 15°; 6 = 80(2-V3); c = 80(V6-V2). 

10. Given A = 36°, a = 520 ; find B, 6, c. 

Ans. B = 54°; 6 = 715.72; c = 884.68. 

11. Given A = 34° 15', a = 843.2 ; find B, 6, c. 

Ans. B = 55° 45' ; c = 1498.2. 

12. Given A = 67° 37' 15", 6 = 254.73 ; find B, a, c. 

Ans. B = 22° 22' 45" •, a = 618.66; c = 669.05. 

13. Given a = 75, 6 = 75 ; find A, B, c. 

Ans. A = 45° = B; c = 75V2. 

14. Given a = 21, 6 = 20 ; find A, B, c. 

Ans. A = 46°23 f 50"; c = 29. 

15. Given a = 300.43, 6 = 500 ; find A, B, c. 

Ans. A = 31°; B = 59°; c = 583.31. 

16. Given a = 4845, 6 = 4742; find A, B, c. 

Ans. A = 45° 36' 56". 
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OBLIQUE TRIANGLES. 

71. There are Four Cases of Oblique Triangles. 

I. Given a side and two angles. 

II. Given two sides and the angle opposite one of them. 

III. Given two sides and the included angle. 

IV. Given the three sides. 

The formulae for the solution of oblique triangles will be 
taken from Chap. IV. Special attention must be given to 
the following three, proved in Arts. 55, 56, 57. 

a b c 



(1) The Sine-rule, 



sin A sin B sin C 






(2) The Cosine-rule, cos A 

2 be 

(3) The Tangent-rule, tan^-— ^ = ?— ^cot£. 

v ' 6 ' 2 a + b 2 

72. Case I. — Given a side and two angles, as a, B, C; find 
A, b, c. 

(1) A = 180° - (B + C). .-. A is found. 

/0 \ o a , asinB 

(2) -^— - = -r— -• .-. b = 



sinB sin A sin A 

,o\ c <* - asinC 
(3) = • .\ c = • 

sinC sin A sin A 

These determine b and c. 

Ex. 1. Given a =7012.6, B = 38° 12' 48", C=60°; find 

A, b } c. 

Solution. 

A = 180° - (B + C) = 81° 47' 12". 



log a = 3.84587 

log sin B = 9.79140 

colog*sin A = 0.00448 

log b = 3.64175 

.-. 6=4382.8. 



log a = 3.84587 

log sin C = 9.93753 

colog sin A = 0.00448 

log c = 3.78788 

.-. c= 6135.9. 

* See Art. W. 
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Ex. 2. Given a=1000, B=45°, C = 127° 19' ; find A, b, c. 

Arts. A = 7° 41'; 6 = 5288.8; c = 5948.5. 

73. Case II. — Given two sides and the angle opposite one 
of them, as a, b, A; find B, C, a 

(1) sinB = ; thus B is found. 

a 

(2) C = 180° - (A + B); thus C is found. 

(3) c = «^C ; thus c is found. 

sin A 

This is usually known as the ambiguous case, as shown in 
geometry (B. II., Prop. 31). The ambiguity is found in 
the equation 

6 sin A 



sinB = 



a 



Since the angle is determined by its sine, it admits of 
two values, which are supplements of each other (Art. 29). 
Therefore either value of B may be taken, unless excluded 
by the conditions of the problem. 

I. If a < b sin A, sin B > 1, which is impossible ; and 
therefore there is no triangle with the given parts. 

II. If a = b sin A, sin B = 1, and B = 90°; therefore there 
is one triangle — a right triangle — with the given parts. 

III. If a > b sin A, and < 6, sin B < 1 ; hence there are 
two values of B, one being the supplement of the other, 
i.e., one acute, the other obtuse, and both are admissible ; 
therefore there are two triangles with the given parts. 

IV. If a > b, then A > B, and since A is given, B must 
be acute; thus there is only one triangle with the given 
parts. 
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These four cases may be illustrated geometrically. 

Draw A, the given angle. Make AC = b ; draw the per- 
pendicular CD, which = b sin 
A. With centre C and radius ^ 

a, describe a circle. 

I. If o<6sinA, the circle 
will not meet AX, and there- 
fore no triangle can be formed 
with the given parts. 

II. If a = b sin A, the cir- 
cle touches AX in B' ; there- 
fore there is one triangle, 
right-angled at B. 

III. If a > b sin A, and 
<b, the circle cuts AX in 
two points B and B', on the _\ 
same side of A; thus there ^ N A 
are two triangles ABC and AB'C, each having the given 
parts, the angles ABC, AB'C being supplementary. 

IV. If a > b, the circle cuts AX on opposite sides of A, 
and only the triangle ABC has the given parts, because the 
angle B'AC of the triangle AB'C is not the given angle A, 
but its supplement. 

These results may be stated as follows : 

a < b sin A, no solution. 

a = b sin A, one solution (right triangle). 

a > b sin A and < b, two solutions. 

a > 6, one solution. 

These results may be obtained algebraically thus : 

We have a 2 = b* + c* — 26ccos A . . . (Art. 56) 




.-. c = 6cos A ± Va* — 6 s sin 8 A, 
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giving two roots, real and unequal, equal or imaginary, 
according as a >, =, or < b sin A. 

A discussion of these two values of c gives the same 
results as are found in the above four cases. We leave 
the discussion as an exercise for the student. 

Note. — When two sides and the angle opposite the greater are given, there can 
he no ambiguity, for the angle opposite the less must be acute. 

When the given angle Is a rfght angle or obtuse, the other two angles are both 
acute, and there can be no ambiguity. 

In the solution of triangles there can be no ambiguity, except when an angle is 
determined by the sine or cosecant, and in no case whatever when the triangle has 
a right angle. 

Ex- 1. Given a = 7, 6 = 8, A = 27° 47' 45"; find B, C, a 

Solution. 



log b = 0.90309 

log sin A = 9.66869 

colog a = 9.15490 

log sin B = 9.72668 



log a = 0.84510 

log sin C = 9.93753 

colog sin A = 0.33131 

log c = 1.11394 



.-. B = 32°12' 15", or 147°47'45". .-. c = 13. 
.-. C = 120°, or 4° 24' 30". 

Taking the second value of C as follows : 

log a = 0.84510 

log sin C = 8.88572 

colog sin A = 0.33131 

log c = 0.06213 

.-. c = 1.1538. 

Thus, there are two solutions. See Case III. 

* Ex.2. Given a = 31.239, 6 = 49.0012, A = 32° 18'; find 
B, C, a Ans. B = 56° 56 1 56", or 123° 3 f 4" ; 

C = 90°45 f 4", or 24° 38' 56"; 

c = 58.456, or 24.382. 
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74. Case III. — Given two sides and the included angle, as 
a, b, G; find A } B, c. 



(i) 



tan A-B = a^| cot C 
2 a + b 2 



(Art. 71) 



Hence ^"^ is known, and ^^ = 90° - § 
.% A and B are found. 

(2) 



a sin C b sin C 
sin A sin B 



and thus c is found and the triangle solved. 

In simple cases the third side c may be found directly by 
the formula 

c = Va 2 + b 2 — 2 ab cos C . . . (Art. 56) 

or the formula may be adapted to logarithmic calculation 
by the use of a subsidiary angle. 

Ex. 1. Given a = 234.7, 6 = 185.4, C = 84°36'; find A, 
B, c. 

Solution. 

log(a-6)= 1.69285 
colog(a + b)= 7.37665 



a = 234.7 
b = 185.4 



a-6= 49.3 
a + b = 420.1 

.-. ^ = 42°18'. 
2 



log cot - = 10.04099 
8 2 

lo g tan^-=-^= 9.11049 



2 
A-B 



= 7° 20' 56". 



A + B = 

2 
.-. A = 

B = 

C = 

c = 



47° 42'. 

55° 2' 56", 
40° 21' 4", 
84° 36', 
285.07. 



log b = 2.26811 

log sin C = 9.99807 

colog sin B = 0.18878 

log c = 2.45496 



i 
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Ex. 2. Given a = .062387, b = .023475, C = 110° 32' ; find 
A, B, c. 

Arts. A = 52° 10' 33" ;. B = 17° 17' 27" ; ' c = .0739635. 

75. Cage IV. — Given the three sides, as a, b, c;find A, B y 0. 

The solution- in this case may be performed by the for- 
mulae of Art. 59. By means of these formulae we may 
compute two of the angles, and find the third by subtract- 
ing their sum from 180°. But in practice it is better to 
compute the three angles independently, and check the 
accuracy of the work by taking their sum. 

If only one angle is to be found, the formulae for the sines 
or cosines may be used. If all the angles are to be found, 
the tangent formulae are the most convenient, because then 
we require only the logarithms of the same four quantities, 
s, s — a, s — b, s — c, to find all the angles ; whereas the sine 
and cosine formulae require in addition the logs of a, 6, a 

The tangent formulae (Art. 59) may be reduced as follows : 



2 \ *(s - a) 



1 Ks-a)(s-b)(s-c) 

* — a\ s 



.\ tanA = _Jl_ (Art. 62) 

Z s — a 



Similarly, tan — = r > 

tan?= r 



2 s-c 

Note. — The quantity r la the radius of the inscribed circle (Art. 82). 
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Ex. 1 Givena = 13, 6 = 14,c=15; find A, B, C. 

Solution. 

a = 13 log(«-a) = .90309 

6 = 14 log (« -&) = .84510 

c = 15 log(*-c) = .77815 

2L log r*= 1.20412 



«-a = 8, 



logr= .60206. 



9 _ 5 _, 7 .\ log tan^ = 9.69897. 

•- c=s& .-. log tan | = 9.75696. 

.-. log tan ^ = 9.8239L 

.\ A « 83° 7' 48"; 
B~<W°29'23"; 
« 67* 22' 48". 

Without the use of logarithms, the angles may be fonnd 
\\y the ooaine formulce (Art. 56). These may sometimes 
he uueri with advantage, when the given lengths of a, b, c 
wwh ooutftlu Iwm than three digits. 

Nx. y, Kind the greatest angle in the triangle whose 
niittui aw ttt, 14, Iff* 

U*t (i — 15, b =a 14, o as 13. Then A is the greatest angle. 

,.« A W+V-a* 14* + 13 2 - 15 2 

'Hum oo*A- - aftB — 2xl4xl3 

- ^ - .3846 = cos 67° 23', nearly 
(hy the tahte of natural sines). 

•\ the greatest angle is 67° 23'. 



Examples. 97 

EXAMPLES. 

1. Given a = 264, B = 16°, C = 64°; find 6 = 71.0919. 

2. Given c = 338.66, A = 53° 24', B = 66°27'; find 
a = 313.46. 

3. Given c = 38, A = 48°, B = 54°; find a = 28.87, 
6 = 31.43. 

4. Given a = 7012.5, B = 38° 12' 48", C = 60°; find 
& and c. Ans. 6 = 4382.82 ; c = 6136.94. 

5. Given a = 528, b = 252, A = 124° 34'; find B and C. 

Ans. B = 23°8'33"; C = 32° 17' 27". 

6. Given a = 170.6, 6 = 140.5, B = 40°; find A and C. 

Ans. A = 51° 18' 21", or 128° 41' 39" ; 
C = 88° 41' 39", or 11° 18' 21". 

7. Given a = 97, 6 = 119, A = 50°; find B and C. 

Ans. B = 70° f 56", or 109° 59' 4" ; 
C = 59°59' 4", or 20° 0'56". 

8. Given a = 7, 6 = 8, A=27°47'45"; find B, C, a 

Ans. B = 32° 12' 15", or 147° 47' 45" ; 
C = 120°, or 4° 24' 30" ; 

c = 13, or 1.15385. 

9. Given 6 = 55, c = 45, A = 6°; find B and C. 

Ans. B = 149° 20' 31"; C = 24° 39' 29". 

10. Given 6 = 131, c = 72, A = 40° ; find B and C. 

Ans. B = 108° 36' 30" ; C = 31° 23' 30". 

11. Given a = 35, 6 = 21, C = 50° ; find A and B. 

Ans. A = 93° ll x 49" ; B = 36° 48' 11". 

12. Given a = 601, 6= 289, C=100° 19' 6"; find A and B. 

Ans. A = 56° 8' 42" ; B = 23° 32' 12". 
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13. Given a = 222, b = 318, c = 406 ; find A = 32° 57' 8". 

14. Given a = 275.35, 6=189.28, c=301.47; findA,B,C. 
Ans. A = 63° 30' 57" ; B = 37° 58' 20" ; C = 78° 30' 43". 

15. Given a = 5238, 6 = 5662, c = 9384 ; find A and B. 

Ans. A = 29° 17' 16" ; B = 31° 55' 31". 

16. Given a = 317, b = 533, c = 510 ; find A, B, C. 
Ans. A = 35° 18' 0" ; B = 76° 18' 52" ; C = 68° 23' 8". 

76. Area of a Triangle (Art. 61). 

EXAMPLES. 

Find the area : 

1. Given a = 116.082, 6 = 100, C = 118° 15' 41". 

Ans. 5112.3. 

2. Given a = 8, 6 = 5, C = 60°. 17.320. 

3. Given b = 21.5, c = 30.456, A = 41° 22'. 216.37. 

4. Given a = 72.3, A = 52° 35', B = 63° 17'. 2644.9. 

5. Given b = 100, A = 76° 38' 13", C = 40° 5'. 3506.8. 

6. Given a = 31.325, B = 13° 57' 2", A = 53° 11' 18". 

Ans. 135.35. 

7. Given a = .582, b = .601, c = .427. .11765. 

8. Given a = 408, b = 41, c = 401. 8160. 

9. Given a = .9, b = 1.2, c = 1.5. .54. 

10. Given a = 21, 6 = 20, c = 29. 210. 

11. Given a = 24, 6 = 30, c = 18. 216. 

12. Given a = 63.89, 6 = 138.24, c = 121.15. 3869.2, 
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MEASUREMENT OF HEIGHTS AND DISTANCES. 

77. Definitions. — One of the most important applica- 
tions of Trigonometry is the determination of the heights 
and distances of objects which cannot be actually measured. 

The actual measurement, with scientific accuracy, of a 
line of any considerable length, is a very long and difficult 
operation. But the accurate measurement of an angle, with 
proper instruments, can be made with comparative ease and 
rapidity. 

By the aid of the Solution of Triangles we can determine : 

(1) The distance between points which are inaccessible. 

(2) The magnitude of angles which cannot be practically 
observed. 

(3) The relative heights of distant and inaccessible 
points. 

A vertical line is the line assumed by a plummet when 
freely suspended by a cord, and allowed to come to rest. 

A vertical plane is any plane containing a vertical line. 

A horizontal plane is a plane perpendicular to a vertical 
line. 

A vertical angle is one lying in a vertical plane. 
.A horizontal angle is one lying in a horizontal plane. 

An angle of elevation is a vertical angle having one side 
horizontal and the other ascending. 

An angle of depression is a vertical angle having one side 
horizontal and the other descending. 

By distance is meant the horizontal distance, unless other- 
wise named. 

By height is meant the vertical height above or below the 
horizontal plane of the observer. 

For a description of the requisite instruments, and the 
method of using them, the student is referred to books on 
practical surveying.* 

* See Johnson's Surveying, Gillespie's Surveying, Clarke's Geodesy, Gore's 
Geodesy, etc. 
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78. To find the Height of an Object standing on a 
Horizontal Plane, the Base of the Object 
being Accessible. 

Let BC be a vertical object, such as 
a church spire or a tower. 

From the base C measure a horizon- a 
tal line CA. 

At the point A measure the angle of elevation CAB. 

We can then determine the height of the object BC ; for 

BC = AC tan CAB. 



EXAMPLES. 

1. If AC = 100 feet and CAB = 60°, find BC. 

-4ns. 173.2 feet. 

2. If AC = 125 feet and CAB = 52° 34', find BC. 

Ana. 163.3 feet. 

3. AC, the breadth of a river, is 100 feet. At the point 
A, on one bank, the angle of elevation of B, the top of a tree 
on the other bank directly opposite, is 25° 37'; find the 
height of the tree. Ans. 47.9 feet. 

79. To find the Height and Distance of an Inaccessible 
Object on a Horizontal Plane. 

Let CD be the object, whose base D 
is inaccessible ; and let it be required 
to find the height CD, and its horizon- 
tal distance from A, the nearest acces- B- 
sible point. 

(1) At A in the horizontal line BAD observe the A DAC 
= a ; measure AB = a, and at B observe the Z. DBC = /?. 




Then 



CA = qsin ft (Art. 55) 

sin (a — 0) 
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... CD = CA3in« = a8inasin fl, 

sill (a — fi) 

j ATk An™, a sin fi cos a 
and AD = AC cos a = — : — ^ • 

sm(« — fi) 

(2) When the line BA cannot be measured directly toward 
the object. 

At A observe the vertical Z. CAD 
= a, and the horizontal Z. DAB = ft ; 
measure AB = a, and at B observe * 
the Z DBA = y. 

Then AD= . asin ? • 

Bm(/B + y) 

.•. CD = AD tan a 

a sin y tan « 

~"sin(£ + y)' 

EXAMPLES. 

1. A river 300 feet wide runs at the foot of a tower, 
which subtends an angle of 22° 30' at the edge of the remote 
bank ; find the height of the tower. Ans. 124.26 feet. 

2. At 360 feet from the foot of a steeple the elevation is 
half what it is at 135 feet ; find its height. Ans. 180 feet. 

3. A person standing on the bank of a river observes the 
angle subtended by a tree on the opposite bank to be 60°, 
and when he retires 40 feet from the river's bank he finds 
the angle to be 30°; find the height of the tree and the 
breadth of the river. Ans. 20 V3 ; 20. 

4. What is the height of a hill whose angle of elevation, 
taken at the bottom, was 46°, and 100 yards farther off, on 
a level with the bottom, the angle was 31° ? 

Ans. 143.14 yards. 
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80. To find the Height of an Inaccessible Object situated 
above a Horizontal Plane, and its 
Height above the Plane. 

Let CD be the object, and let 
A and B be two points in the 
horizontal plane, and in the same 
vertical plane with CD. 

At A, in the horizontal line 
B AE, observe the A CAE = a, 

and DAE = y ; measure AB = a, and at B observe the 
Z CBE = p. 




Then 



Also, 



CE = asinasin/? (Art. 79) 

sin (a — (3) 



kT? a cos a sin B 

A & = —r—z ■£ 

sin (a — p) 

iyp _ a cos a sin ft tan y 
sin (a — ft) 

CD = a Sln P — S sin a — cos a tan y { 
sin (a - p) l 7S 

__ a sin p sin (a — y) 
cos y sin (a — P) 



(Art. 79) 



EXAMPLES. 

1. A man 6 feet high stands at a distance of 4 feet 9 
inches from a lamp-post, and it is observed that his shadow 
is 19 feet long : find the height of the lamp. Ans. 7£ feet. 

2. A flagstaff, 25 feet high, stands on the top of a cliff, 
and from a point on the seashore the angles of elevation 
of the highest and lowest points of the flagstaff are observed 
to be 47° 12' and 45° 13' respectively : find the height of the 
cliff. Ans. 348 feet. 

3. A castle standing on the top of a cliff is observed 
from two stations at sea, which are in line with it ; their 
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distance is a quarter of a mile: the elevation of the top 
of the castle, seen from the remote station, is 16° 28'; the 
elevations of the top and bottom, seen from the near 
station, are 52° 14' and 48° 38' respectively : (1) what is 
its height, and (2) what its elevation above the sea ? 

Ana. (1) 60.82 feet ; (2) 445.23 feet. 

8L To find the Distance between Two Inaccessible Objects 
on a Horizontal Plane. 

Let C and D be the two inac- 
cessible objects. 

Measure a base line AB, from 
whose extremities C and D are 
visible. At A observe the angles 
CAD, DAB; and at B observe 
the angles CBA and CBD. 

Then, in the triangle ABC, we know two angles and the 
side AB. .-. AC may be found. In the triangle ABD we 
know two angles and the side AB. .•. AD may be found. 

Lastly, in the triangle ACD, AC and AD have been deter- 
mined, and the included angle CAD has been measured; 
and thus CD can be found. 




1. Let AB = 1000 yards, the angles BAC, BAD = 76° 30' 
and 44° 10', respectively ; and the angles ABD, ABC = 
81° 12 f and 46° 5', respectively : find the distance between 
C and D. Ana. 669.8 yards. 

2. A and B are two trees on one side of a river ; at two 
stations P and Q on the other side observations are taken, 
and it is found that the angles APB, BPQ, AQP are each 
equal to 30°, and that the angle AQB is equal to 60°. If 
PQ = a, show that 

AB=£V2L 
6 
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EXAMPLES. . 




Solve the following right triangles : 




1. Given a =51.303, 


c=150; 




find A=20°, 


B=70°, 


6=140.95. 


2. Given a= 157.33, 


c=250; 




find A =39°, 


B=51°, 


6=194.28. 



3. Given a=104, c=185; 

find A =34° 12' 19", B=55°47 f 40", 6=153. 

4. Given 6=3, c=5; 

find A=53° 7'48", B=36°52'll", a=4. 

5. Given 6=15, c=17; 

find A=28° 4'20", B=61°55'39", a=8. 

6. Given 6=21, c=29; 

find A=43°36'10", B=46°23'49", a=20. 

7. Given c=625, A=44°; 

find a=434.16, 6=449.58. 

8. Given c=300, A=52°; 

find a=236.40, 6=184.69. 

9. Given c=13, A= 67°22'48"; 

find B=22°37'll", a=12 6=5. 

10. Given A =77° 19' 10", a=40; 

find B=12°40 f 49 ff , 6=9, c=41. 

11. Given A=87°12'20", a=840; 

find B= 2°47'39", 6=41, c=841. 

12. Given A =32° 31' 13", a=336; 

find B=57°28'46", 6=527, c=625. 



r 
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13. 


Given A=l 


32° 41' 44", 


a=1100; 






find B= 


7° 18' 16", 


5=141, 


c=1109. 


14. 


Given a= 


7694.5, 


6=8471; 






find A= 


42° 15', 


B=47°45', 


c= 11444. 


15. 


Given a=' 


736, 


6=273; 






find A= 


69° 38' 56", 


B=20°21'3", 


c=785. 


16. 


Given a=, 


200, 


6=609; 






find A= 


18° 10' 50", 


B= 71° 49' 10", 


c=641. 


17. 


Given a= 


276, 


6=493; 






find A= 


29° 14' 30", 


B= 60° 45' 29", 


c=565. 


Solve the following oblique triangles : 




18. 


Given B= 


50° 30', 


C=122° 9', 


a =90; 




find A= 


7° 21', 


6=542.85, 


c= 595.6a 


19. 


Given A= 


82° 20', 


B= 43° 20', 


a=479 ; 




find C= 


54° 20', 


6=331.65, 


c= 392.47. 


20. 


Given A= 


79° 59', 


B= 44° 41', 


a=795; 




find C= 


55° 20', 


6=567.88, 


c= 663.98. 


21. 


Given B= 


37° 58', 


C= 65° 2', 


a=999 ; 




find A= 


77° 0', 


6=630.77, 


c= 929.48. 


22. 


Given A= 


70° 55', 


C= 52° 9', 


a=6412; 




find B= 


56° 56', 


6=5686.0, 


c= 5357.5. 


23. 


Given A= 


48° 20', 


B= 81° 2' 16", 


6=5.75; 




find C= 


50° 37' 44", 


a= 4.3485, 


c=4.5. 


24. 


Given A= 


72° 4', 


B= 41° 56' 18", 


c=24; 




find C= 


65° 59' 42", 


a=24.995, 


6=17.559. 


25. 


Given A= 


21° 14' 25", 


a=345, 


6=695; 




• find B= 


46° 52' 10", 


C= 111° 53' 25", 


c= 883.65. 




or B'= 


133° V 50" 


C'= 25°37'45" 


c'=411.92. 



106 PLANE TRIGONOMETRY. 

26. Given A= 41° 13' 0", a=77.04, 6=91.06; 

find B= 51° 9' 6", C= 87°37 f 54", c=116.82, 

or B'=128°50'54", C'= 9°56' 6", c'=20.172. 

27. Given A= 21° 14' 25", a=309, 6=360; 

find B= 24°57'54", C=133°47'41", c=615.67, 

or B'=155° 2' 6", C'= 3°43'29", c'=55.41. 

28. Given B = 68° 10' 24", a=83.856, 6=85.153; 

find A= 66° 5'19", ; C= 45° 44' 17", c=65.696. 

29. Given A= 50°, a=119, 6=97; 

find B= 38°38'24", C= 91°21'36", c=155.3. 

30. Given C= 65° 59', a=25, c=24; 

find A= 72° 4'48", B= 41°56'12", 6=17.56, 

or A'=107°55'12", B'= 6° 5'48". 

31. Given A = 18° 55' 28", a=13, 6=37; 

find B= 67°22'48", or B' = 112°37'11". 

32. Given C= 15°11'21", a=232, 6=229; 

find A= 85°11'58", B= 79°36'40", c=61. 

33. Given C=126°12'14", a=5132, 6=3476; 

find A= 32° 28' 19", B= 21°19'27", c=7713.3. 

34. Given C= 55°12' 3", a=20.71, 6=18.87; 

find A= 67° 28' 51", B= 57° 19' 5", c= 18.41. 

35. Given C= 12° 35' 8", a =8.54, 6=6.39; 

find A= 136° 15' 48", B= 31° 9' 4", c=2.69. 

36. Given C= 34° 9' 16", a=3184, 6=917; 

find A= 133° 51 '34", B= 11° 59' 10", c= 2479.2. 

37. Given C= 32° 10' 53", a=101, 6=29; 

find A=136°23'49", B= 11°25'16", c=78. 

38. Given C= 96° 57*20", a=401, 6=41; 

find A= 77° 19' 10", B= 5° 43' 29", c=408. 
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39. Given C= 30° 40'35", a=221, 6=149; 

find A=110°0'57", B= 39°18'27", c=120. 

40. Given a=289, 6=601, c=712 ; 

find A =23° 32' 12", B=56° 8'42", C=100°19' 6". 

41. Given a=17, 6=113, c=120 ; 

findA= 7°37'42", B=61°55'38", C=110°26'40". 

42. Given a = 15.47, 6 = 17.39, c = 22.88 ; 

find A=42°30'44", B=49°25'49", C=88°3'27". 

43. Given a =5134, 6=7268, c=9313; 

find A =33° 15' 39", B=50°56' 0", C=95°48'21". 

44. Given a=99, 6=101, c=158 ; 

find A =37° 22' 19", B=38°15'41", C=104°22'0". 

45. Given a=ll, 6=13, c=16; 

findA=43° 2'56", B=53°46'44", C=83°10'20". 

46. Given a=25, 6=26, c=27 ; 

findA=56°15' 4", B=59°51 f 10", C=63°53'46". 

Find the area : 

47. Given a=10, 6=12, C=60°. Ana. 30V3. 

48. " a=40, 6=60, C=30°. 600. 

49. " 6=7, c=5V2, A=135°. 17*. 

50. " a=32.5, 6=56.3, C=47°5'30". 670. 

51. " 6=149, A= 70°42'30", B=39°18'28". 15540. 

52. " c= 8.025, B=100° 5' 23", C=31° 6' 12". 46.177. 

53. " a=5, 6=6, c=7. 6V6. 

54. " a=409, 6=169, c=510. 30600. 

55. " a=577, 6=73, c=520. 12480. 

56. " a=7.152, 6=8.263, c=9.375. 28.4771. 
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HEIGHTS AND DISTANCES. 

57. At a point 200 feet in a horizontal line from the foot 
of a tower, the angle of elevation of the top of the tower is 
observed to be 60° : find the height of the tower. 

Ans. 346 feet. 

58. From the top of a vertical cliff, the angle of depres- 
sion of a point on the shore 150 feet from the base of the 
cliff, is observed to be 30° : find the height of the cliff. 

Ans. 86.6 feet. 

59. From the top of a tower 117 feet high, the angle of 
depression of the top of a house 37 feet high is observed to 
be 30° : how far is the top of the house from the tower ? 

Ans. 138.5 feet. 

60. The shadow of a tower in the sunlight is observed 
to be 100 feet long, and at the same time the shadow of a 
lamp-post 9 feet high is observed to be 3 V3 feet long : find 
the angle of elevation of the sun, and height of the tower. 

Ans. 60° ; 173.2 feet. 

61. A flagstaff 25 feet high stands on the top of a 
house; from a point on the plain on which the house 
stands, the angles of elevation of the top and bottom of 
the flagstaff are observed to be 60° and 45° respectively : 
find the height of the house above the point of observation. 

Ans. 34.15 feet. 

62. From the top of a cliff 100 feet high, the angles of 
depression of two ships at sea are observed to be 45° and 
30° respectively ; if the line joining the ships points directly 
to the foot of the cliff, find the distance between the ships. 

Ans. 73.2. 

63. A tower 100 feet high stands on the top of a cliff ; 
from a point on the sand at the foot of the cliff the angles 
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of elevation of the top and bottom of the tower are observed 
to be 75° and 60° respectively : find the height of the cliff. 

Ans. 86.6 feet. 

64. A man walking a straight road observes at one mile- 
stone a house in a direction making an angle of 30° with 
the road, and at the next milestone the angle is 60° : how 
far is the house from the road ? Ans. 1524 yds. 

65. A man stands at a point A on the bank AB of a 
straight river and observes that the line joining A to a post 
C on the opposite bank makes with AB an angle of 30°. 
He then goes 400 yards along the bank to B and finds that 
BC makes with B A an angle of 60° : find the breadth of 
the river. Ans. 173.2 yards. 

66. From the top of a hill the angles of depression of 
the top and bottom of a flagstaff 25 feet high at the foot 
of the hill are observed to be 45° 13' and 47° 12' respectively : 
find the height of the hill. Ans. 373 feet. 

67. From each of two stations, east and west of each 
other, the altitude of a balloon is observed to be 45°, and 
its bearings to be respectively N.W. and N.E. ; if the sta- 
tions be 1 mile apart, find the height of the balloon. 

Ans. 3733 feet. 

68. The angle of elevation of a balloon from a station 
due south of it is 60°, and from another station due west 
of the former and distant a mile from it is 45° : find the 
height of the balloon. Ans. 6468 feet. 

69. Find the height of a hill, the angle of elevation at 
its foot being 60°, and at a point 500 yards from the foot 
along a horizontal plane 30°. Ans. 250 V3 yards. 

70. A tower 51 feet high has a mark at a height of 25 
feet from the ground : find at what distance from the foot 
the two parts subtend equal angles. Ans. 25V51 feet 



110 PLANE TRIGONOMETRY. 

71. The angles of a triangle are as 1:2:3, and the per- 
pendicular from the greatest angle on the opposite side is 
30 yards : find the sides. Ans. 20V3, 60, 40 V3. 

72. From a station B at the foot of an inclined plane 
BC the angle of elevation of the summit A of a mountain is 
60°, the inclination of BC is 30°, the angle BCA 135°, and 
the length of BC is 1000 yards : find the height of A over B. 

Arts. 500(3+ V3) yards. 

73. A right triangle rests on its hypotenuse, the length 
of which is 100 feet; one of the angles is 36°, and the 
inclination of the plane of the triangle to the horizon is 
60°: find the height of the vertex above the ground. 

Am. 25V*Tcos 18°. 

74. The angles of depression of the top and bottom of a 
column observed from a tower 108 feet high are 30° and 60° 
respectively : find the height of the column. Ana. 72 feet. 

75. At the foot of a mountain the elevation of its sum- 
mit is found to be 45°. After ascending for one mile, at a 
slope of 15°, towards the summit, its elevation is found to 
be 60° : find the height of the mountain. 

Ans. — — — miles. 

76. From the top of a cliff the angles of depression of 
the top and bottom of a lighthouse 97.25 feet high are 
observed to be 23° 17' and 24° 19 r respectively : how much 
higher is the cliff than the lighthouse ? Ans. 1942 feet. 

77. A person standing on the bank of a river observes 
the elevation of the top of a tree on the opposite bank to be 
51° ; and when he retires 30 feet from the river's bank he 
observes the elevation to be 46°: find the breadth of the 
river. Ans. 155.823 feet. 

78. From the top of a hill I observe two milestones on 
the level ground in a straight line before me, and I find 



EXAMPLES. Ill 

their angles of depression to be respectively 5° and 15°: 
find the height of the hill. Ans. 228.6307 yards. 

79. On the bank of a river there is a column 200 feet 
high supporting a statue 30 feet high. The statue to. an 
observer on the opposite bank subtends an equal angle with 
a man 6 feet high standing at the base of the column : find 
the breadth of the river. Ans. 10 V115 feet. 

80. A man walking along a straight road at the rate of 
3 miles an hour, sees in front of him, at an elevation of 60°, 
a balloon which is travelling horizontally in the same direc- 
tion at the rate of 6 miles an hour; ten minutes after he 
observes that the elevation is 30° : prove that the height of 
the balloon above the road is 440 V3 yards. 

81. The angle of elevation of a tower at a distance of 
20 yards from its foot is three times as great as the angle 
of elevation 100 yards from the same point : show that the 

height of the tower is — feet. 

V7 

82. From a window it is observed that the angle of 
elevation of the top of a house on the opposite side of the 
street is 29°, and the angle of depression of the bottom of 
the house is 56°: find the height of the house, supposing 
the breadth of the street to be 80 feet. Ans. 162.95 feet. 

83. A and B are two positions on opposite sides of a 
mountain ; C is a point visible from A and B ; AC and BC 
are 10 miles and 8 miles respectively, and the angle BCA is 
60°: prove that the distance between A and B is 9.165 
miles. 

84. P and Q are two inaccessible objects ; a straight line 
AB, in the same plane as P and Q, is measured, and found 
to be 280 yards ; the angle PAB is 95°, the angle QAB is 
47£°, the angle QBA is 110°, and the angle PBA is 52° 20' : 
find the length of PQ. Ans. 509.77 yards. 



PART II 
SPHERICAL TRIGONOMETRY. 



CHAPTER VI. 

FOBHTJLS RELATIVE TO SPHERICAL TRIANGLES. 

82. Spherical Trigonometry has for its object the solu- 
tion of spherical triangles. 

A spherical triangle is the figure formed by joining any 
three points on the surface of a sphere by arcs of great 
circles. The three points are called the vertices of the 
triangle ; the three arcs are called the sides of the triangle. 

Any two points on the surface of a sphere can be joined 
by two distinct arcs, which together make up a great 
circle passing through the points. Hence, when the points 
are not diametrically opposite, these arcs are unequal, one 
of them being less, the other greater, than 180°. It is not 
necessary to consider triangles in which a side is greater 
than 180°, since we may always replace such a side by the 
remaining arc of the great circle to which it belongs. 

83. Geometric Principles. — It is shown in geometry 
(Art. 702), that if the vertex of a triedral angle is made 
the centre of a sphere, then the planes which form the 
triedral angle will cut the surface of the sphere in three 
arcs of great circles, forming a spherical triangle. 

Thus, let be the vertex of a triedral angle, and AOB, 
BOC, COA its face-angles. We may construct a sphere 
with its. centre at 0, and with any radius OA. Let AB, 
112 
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BC, CA be the arcs of great circles in which the planes of 

the face-angles AOB, BOC, COA 

cut the surface of this sphere; 

then ABC is a spherical triangle, 

and the arcs AB, BC, CA are its 

sides. 

Now it is shown in geometry 
that the three face-angles AOB, 
BOC, COA are measured by the sides AB, BC, CA, re- 
spectively, of the spherical triangle, and that the diedral 
angles OA, OB, OC are equal to the angles A, B, C, respect- 
ively, of the spherical triangle ABC, and also that a diedral 
angle is measured by its plane angle. 

There is then a correspondence between the triedral 
angle O-ABC and the spherical triangle ABC: the six 
parts of the triedral angle are represented by the corre- 
sponding six parts of the spherical triangle, and all the 
relations among the parts of the former are the same as 
the relations among the corresponding parts of the latter. 

84. Fundamental Definitions and Properties. — The fol- 
lowing definitions and properties are from Geometry, Book 
VIII. : 

In every spherical triangle 

Each side is less than the sum of the other two. 

The sum of the three sides lies between 0° and 360°. 

The sum of the three angles lies between 180° and 540°. 

Each angle is greater than the difference between 180° 
and the sum of the other two. 

If two sides are equal, the angles opposite them are 
equal ; and conversely. 

If two sides are unequal, the greater side lies opposite 
the greater angle ; and conversely. 

The perpendicular from the vertex to the base of an 
isosceles triangle bisects both the vertical angle and the 
base. 
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The axis of a circle is the diameter of the sphere perpen- 
dicular to the plane of the circle. The poles of a circle are 
the two points in which its axis meets the surface of the 
sphere. 

One spherical triangle is called the polar triangle of a 
second spherical triangle when the sides of the first triangle 
have their poles at the vertices of the second. 

If the first of two spherical triangles is the polar triangle 
of the second, then the second is the polar triangle of the 
first. 

Two such triangles are said to be polar with respect to 
each other. Thus : , 

If A f B f C is the polar triangle of A 

ABC, then ABC is the polar triangle 
of A'B'C. 

In two polar triangles, each angle 
of one is measured by the supplement / / _^C ^c' 
of the corresponding side of the other. 

Thus : B' 1 

A = 180° -a', B = 180° - b', C = 180° - c', 
a =180° -A', & = 180°-B', c = 180°-C. 

.This result is of great importance ; for if any general 
equation be established between the sides and angles of a 
spherical triangle, it holds of course for the polar triangle 
also. Hence, by means of the above formulas any theorem of 
a spherical triangle may be at once transformed into another 
theorem by substituting for each side and angle respectively 
the supplements of its opposite angle and side. 

If a spherical triangle has one right angle, it is called a 
right triangle ; if it has two right angles, it is called a bi- 
rectangular triangle ; and if it has three right angles, it is 
called a tri-rectangular triangle. If it has one side equal to 
a quadrant, it is called a quadrantal triangle ; and if it has 
two sides equal to a quadrant, it is called a bi-quadrantal 
triangle. 
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Notb. — It is shown in geometry that a spherical triangle may, in general, be 
constructed when any three of its six parts are given (not excepting the case in 
which the given parts are the three angles) . In spherical trigonometry we investi- 
gate the methods by which the unknown parts of a spherical triangle may be com- 
puted from the above data. 

EXAMPLES. 

1. In the spherical triangle whose angles are A, B, C, 

prove 

B + C-A<,r (1) 

C+A-B<ir (2) 

A + B-Co (3) 

2. If C is a right angle, prove 

A + B<4tt (1), andA-B<£ (2). 

3. The angles of a triangle are A, 45°, and 120°; find the 
maximum value of A. Ans. A < 105°. 

4. The angles of a triangle are A, 30°, and 150° ; find the 
maximum value of A. Ans. A < 60°. 

5. The angles of a triangle are A, 20°, and 110°; find the 
maximum value of A. Arts. A < 90°. 

6. Any side of a triangle is greater than the difference 
between the other two. 
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85. Formulae for Eight Triangles. — Let ABC be 
spherical triangle in which C is 
a right angle, and let be the A 

centre of the sphere; then will 
OA, OB, OC be radii: let a, b, c 
denote the sides of the triangle O 
opposite the angles A, B, C, re- 
spectively; then a, b, and c are 
the measures of the angles BOC, B 

CO A, and AOB. 




116 



SPHERICAL TRIGONOMETRY. 



From any point D in OA draw DE J. to OC, and from E 
draw EF ± to OB, and join DF. Then DE is J. to EF (Geom. 
Art. 537). Hence (Geom. Art. 607), 

DF is ± to OB ; .-. Z DFE = ZB . . (Art. 83) 

OF OF OE 



NOW — —-=s 



OD OE OD 
DE DE DF 



; that is, cos c = cos a cos b 



OD DF OD 

Interchanging a's and Vs, 
EF EF DF 



; that is, sin b = sin B sin c 

sin a = sin A sin c 
; that is, tan a= cos B tan c 



OF DF OF 
Interchanging a's and b's, tan b = cos A tan c . 

= — — — — ; that is, tan 6 = tan B sin a . 

OE EF OE 

Interchanging a's and &'s, tan a = tan A sin b . 
Multiply (6) and (7) together, and we get 

tan A tanB = = -J— , by (1). 

cos a cos b cos c 



.\ cos c = cot A cot B . . 

Multiply crosswise (3) and (4), and we get 
sin a cos B tan c = tan a sin A sin c. 
sin A cos c 



cosB = 



= sin A cos by by (1) 



cos a 
Interchanging a's and 6's, 

cos A = sin B cos a 



(i) 

(2) 
(3) 

(5) 
(6) 

(7) 



(8) 



(9) 



(10) 



Sch. By these ten formulae, every case of right triangles 
can be solved ; for every one of these ten formulae is a dis- 
tinct combination, involving three out of the five quantities, 
a, 6, c, A, B, and there can be but ten combinations in all. 
Hence, any two of the five quantities being given and a 
third required, that third quantity may be determined by 
some one of the above ten formulae: 
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86. Napier's Rules. — The ten preceding formulae, which 
may be found difficult to remember, have been included 
under two simple rules, called after their inventor, Napier's 
Rules of the Circular Parts. 

Let ABC be a right spherical triangle. Omit the right 
angle C. Then the two sides a 

CO A 

and by which include the right 

angle, the complement of the 

hypotenuse c, and the comple- ^.y/ \b 

ments of the oblique angles A 

and B, are called the circular parts ' <^ JC 

of the triangle. Thus, there are 

Jive circular parts, arranged in the figure in the following 

order : a, b, co. A, co. c, co. B. 

Any one of these five parts may be selected and called 
the middle part; then the two parts next to it are called 
adjacent parts, and the remaining two parts are called oppo- 
site parts. Thus, if co. A is selected as the middle part, 
then b and co. c are the adjacent parts, and a and co. B are 
the opposite parts. 

Then Napier's Rules are . 

(1) The sine of the middle part equals the product of the 
tangents of the adjacent parts. 

(2) The sine of the middle part equals the product of the 
cosines of the opposite parts. 

Note 1. — It will assist the student in remembering these rules to notice the 
occurrence of the vowel i in sine and middle, of the vowel a in tangent and adjacent, 
and of the vowel o in cosine and opposite. 

Napier's Rules * may be made evident by taking in detail each of the five parts as 
middle part, and comparing the equations thus found with the formul® of Art. 185. 

Thus, let co. c be the middle part. The rules give 

sin (co. c)=* tan (co. A) tan (co. B); .*. cose = cot A cot B (8) 

sin (co. c)b coi a cos ft; .*. cos c = cos a cob ft (1) 

co. B the middle part. 

sin (co. B)= tan a tan (co. c); .\ cos B = tan a cot c (4) 

sin (co. B)= cos ft cos (co. A); .*. cos B = cob ft sin A (9) 

* While some find these rules to be useful aids to the memory, others question 
their utility. 
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a the middle part. 

sin astan b tan (co. B); .-. sin * =tan 6 cot B (0) 

sin a = cos (co. A) cos (co. c) ; /. sin a = sin A sin c (3) 

b the middle part. 

sin o = tan a tan (co. A) ; /. sin 6 « tan a cot A (7) 

sin 6 = cos (co c) cos (co. B); .•. sin 6 =« sin c sin B (2) 

co. A the middle part. 

sin (co A)» tan 6 tan (co. c); .•. cos A= tan 6 cot c (5) 

sin (co. A)=cob acos(co. B) ; .*. cos A= cos a sin B (10) 

Note 2. — In applying these rules it is not necessary to use the notation co.c, 
co. A, co. B, since we may write at once cos c for ain {co. c), etc. 

87. The Species of the Parts. — If two parts of a spheri- 
cal triangle are either both less than 90° or both greater than 
90°, they are said to be of the same species. But if one part 
is less than 90° and the other part is greater than 90°, they 
are of different species. 

In order to determine whether the required parts are less 
or greater than 90°, it will be necessary carefully to observe 
their algebraic signs. If the required part is determined 
by means of its cosine, tangent, or cotangent, the alge* 
braic sign of the result will show whether it is less or 
greater than 90°. But when a required part is found in 
terms of its sine, it will be ambiguous, since the sines are 
positive in both the first and second quadrants. This 
ambiguity, however, may generally be removed by either 
of the following principles : 

(1) In a right spherical triangle, either of the sides con- 
taining the right triangle is of the same species as the opposite 
angle. 

(2) The three sides of a right spherical triangle (omitting 
bi-rectangular or tri-rectangular triangles) are either all 
acute, or else one is acute and the other two obtuse. 

The first follows from the equation 

cos A = cos a sin B < 
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in which, since sinB is always positive (B< 180°), cos A 
and cos a must have the same sign ; i.e., A and a must be 
either both < or both > 90°. 

The second follows from the equation 

cos c = cos a cos b. 

88b Ambiguous Solution. — When the given parts of a 
right triangle are a side and its opposite angle, the triangle 
cannot be determined. 

For two right spherical triangles ABC, A r BC, right 
angled at C, may always be 
found, having the angles A 
and A' equal, and BC, the &. 
side opposite these angles, 
the same in both triangles, 
but the remaining sides, AB, AC, and the remaining angle 
ABC of the one triangle are the supplements of the re- 
maining sides A'B, A'C, and the remaining angle A'BC of 
the other triangle. It is therefore ambiguous whether 
ABC or A'BC be the triangle required. 

This ambiguity will also be found to exist, if it be 
attempted to determine the triangle by the equation 

sin b = tan a cot A, 

since it cannot be determined from this equation whether 
the side AC is to be taken or its supplement A'C. 

89. Quadrantal Triangles. — The polar triangle of a 
right triangle has one side a quadrant, and is therefore 
a quadrantal triangle (Art. 84). The formulae for quad- 
rantal triangles may be obtained by applying the ten 
formulae of Art. 85 to the polar triangle. They are as 
follows, c being the quadrantal side : 

cos C = -- cos A cos B (1) 

sin B = sin b sin C (2) 



120 SPHERICAL TRIGONOMETRY. 

sin A =r sin a sin C (3) 

cos b = — tan A cot C (4) 

cosa =— tanBcotC (5) 

sin A = tan B cot b (6) 

sin B = tan A cot a (7) 

cos C = — cot a cot b (8) 

cos b = cos B sin a (9) 

cos a = cos A sin b (10) 

EXAMPLES. 

In the right triangle ABC in which the angle G is the 
right angle, prove the following relations : 

1. sin 2 a 4- sin 2 6 — sin 2 c= sin 2 a sin* 6. 

2. cos 2 A sin 2 c = sin 2 c — sin 2 a. 

3. sin 2 A cos 2 c = sin 2 A — sin 2 a. 

4. sin 2 A cos 2 b sin 2 c = sin 2 c — sin 2 b. 

5. 2 cos c = cos (a -f 6) + cos (a — b) . 

6. tan£(c + a) tan£(c — a) = tan 2 £6. 

7. sin 2 ?. = sin 2 5 cos 2 5 4- cos 2 5 sin 2 1. 

2 2 2 2 2 

8. sin(c — 6) = tan 2 —-sin(c4-6). 

9. If b = c = ^, prove cos a = cos A. 

10. If a = b = c, prove sec A = 1 4- sec a. 

11. If c < 90°, show that a and b are of the same species. 

12. If c> 90°, a and b are of different species. 

13. A side and the hypotenuse are of the same or oppo- 
site species, according as the included angle <, or >^» 



LAW OF SINES. 
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OBLIQUE SPHERICAL TRIANGLES. 

90. Law of Sines. — In any spherical triangle the sines 
of the sides are proportional to the sines of the opposite angles. 

Let ABC be a spherical triangle, O the centre of the 
sphere ; and let a, b, c denote the 
sides of the triangle opposite the 
angles A, B, C, respectively. Then 
a, b, and c are the measures of the 
angles BOC, CO A, and AOB. 

From any point D in OA draw 
DG J. to the plane BOC, and from 
G draw GE, GF J_ to OB, OC. 
Join DE, DF, and GO. Then DG 
is _L to GE, GF, and GO (Geom. Art. 487). Hence, DE is 
± to OB, and DF J. to OC (Geom. Art. 507). 

.-. Z DEG = Z B, and Z DFG = Z C . . (Art. 83) 

In the right plane triangles DGE, DGF, ODE, ODF, 
DG = DE sin B = OD sin DOE sin B = OD sin c sin B, 
DG = DF sin C = OD sin DOF sin C = OD sin b sin C. 

.*. sin c sin B = sin b sin C; 
or sin b : sin c : : sin B : sin C. 

Similarly, it may be shown that 

sin a : sin c : : sin A : sin C. 
sin a sin b sin c 






sin A sin B sin C 

Note.— The common value of these three ratioi is called the modulus of the 
spherical triangle. 

Sch. In the figure, B, C, 6, c are each less than a right 
angle ; but it will be found on examination that the proof 
will hold when the figure is modified to meet any case 
which can occur. For example, if B alone is greater than 
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90°, the point G will fall outside of OB instead of between 
OB and OC. Then DEO will be the supplement of B, and 
thus we shall still have sin DEG = sin B. 

91. Law of Cosines. — In any spherical triangle, the co- 
sine of each side is equal to the product of the cosines of the 
other two sides, plus the product of the sines of those sides 
into the cosine of their included angle. 

Let ABC be a spherical triangle, the centre of the 
sphere, and a, b, c the sides of 
the triangle opposite the angles D 

A, B, C, respectively. Then 

a = Z BOC, 
6 = ZCOA, 
c = Z AOB. 

From any point D in OA draw, in the planes AOB, 
AOC, respectively, the lines DE, DF JL to O A. Then 

Z EDF = ZA (Art. 83) 

Join EF; then in the plane triangles EOF, EDF, we 
have 




EF' = OE* + OF* - 2 OE . OF cos EOF . . (1) 



EF' = DE* + DF*- 2 DE-DF cos EDF . . (2) 
also in the right triangles EOD, FOD, we have 

OE 2 - DE 2 = OD 2 , and OF 2 -DF 2 = OD* . (3) 

Subtracting (2) from (1), and reducing by (3), and 
transposing, we get 

20E • OF cos EOF = 2 OD 2 4- 2DE . DF cos EDF. 

... cos EOF = °5 . 2D 5* . DE cosEDF 

OF OE ^ OF OE . ' 

or cos a = cos b cos c + sin b sin c cos A (4) 
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By treating the other edges in order in the same way, 
or by advancing letters (see Note, Art. 56) we get 

cos b = cos c cos a -f sin c sin a cos B . . (5) 
cos c = cos a cos b + sin a sin b cos C . . (6) 

Sch. Formula (4) has been proved only for the case in 
which the sides b and c are less than quadrants; but it 
may be shown to be true when these sides are not less than 
quadrants, as follows : 

(1) Suppose c is greater J^'^^Zi — *^^^ 
than 90°. Produce B A, BC B <CT ^^X.^^ 8 ' 

to meet in B', and put ^ ~^C^^ 

AB'=c', CB'=a'. 

Then, from the triangle AB'C, we have by (4) 

cos a 1 = cos b cos c f -f sin b sin c r cos B'AC, 

or cos(7r— a) = cos b cos(n— c) -f sin b sin(?r — c)cos(ir —A). 

.•. cos a = cos b cos c -f sin b sin c cos A. 

(2) Suppose both b and c to 
be greater than 90°. Produce A / 
AB, AC to meet in A', and put 
A'B = c', A'C = V. " C 

Then, from the triangle AHBC, we have by (4) 
cos a = cos b 1 cos c' + sin b 1 sin c' cos A' ; 
but b f = ir — 6, c f = ir — c, A' = A. 

••. cos a = cos b cos c 4- sin b sin c cos A. 
The triangle A'BC is called the colunar triangle of ABC. 

92. Relation between a Side and the Three Angles. — 
In any spherical triangle ABC, 

cos A = — cos B cos C + sin B sin C cos a. 
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(Art. 84) 



(1) 



Let A'B'C r be the polar triangle of ABC, and denote its 
angles and sides by A', B', C, a', V, c r ; then we have by 
(4) of Art. 91 

cos a 1 = cos V cos c' + sin V sin c' cos A f ; 

but a' = it — A, V = 7T — B, c f = ir — C, etc. 

Hence, substituting, we get 
cos A = — cos B cos C + sin B sin C cos a . . 

Similarly, 
cos B = — cos C cos A -f sin C sin A cos b .... (2) 
cos C = — cos A cos B -f sin A sin B cos c . . . . (3) 

.Rem. — This process is called " applying the formula to the polar triangle." By 
means of the polar triangle, any formula of a spherical triangle may be immediately 
transformed into another, in which angles take the place of sides, and sides of angles. 

93. To show that in a spherical triangle ABC, 

cot a sin b = cot A sin C 4- cos C cos b. 

Multiply (6) of Art. 91 by cos b, and substitute the 
result in (4) of Art. 91, and we get 

cos a = cos a cos 2 b + sin a sin b cos b cos C + sin b sin c cos A. 
Transpose cos a cos 2 b, and divide by sin a sin b ; thus, 

cot a sin o = cos b cos C -\ 

sin a 

= cos b cos C + cot A sin C . (by Art. 90) 

By interchanging the letters, we obtain five other formulae 
like the preceding one. The six formulae are as follows : 

cot a sin b = cot A sin C + cos C cos b .... (1) 



cot a sin c = cot A sin B + cos B cos c 
cot b sin a = cot B sin C + cos C cos a 
cot b sin c = cot B sin A + cos A cos c 
cot c sin a = cot C sin B -f cos B cos a 
cot c sin b =s cot C sin A + cos A cos b 



(2) 
(3) 

(4) 
(5) 
(6) 



USEFUL FORMULAE. 
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EXAMPLES. 

1. If a, 6, c be the sides of a spherical triangle, a', V, c 1 
the sides of its polar triangle, prove 

sin a : sin b : sin c = sin a 1 : sin &' : sin c'. 

2. If the bisector AD of the angle A of a spherical 
triangle divide the side BG into the segments CD = 6', 
BD = c r , prove 

sin 6 : sin c = sin b' : sin c f . 

3. If D be any point of the side BG, prove that 

cot AB sin DAC 4- cot AC sin DAB = cot AD sin B AC. 
cot ABC sin DC 4- cot ACB sin BD = cot ADB sin BC. 

4. If a, fi, y be the perpendiculars of a triangle, prove that 

sin a sin a = sin b sin fj = sin c sin y. 

5. In Ex. 4 prove that 



sin a cos a = Vcos* 6 + cos 2 c — 2 cos a cos b cos c. 

94. Useful Formulae. — Several other groups of useful 
formulae are easily obtained from those of Art. 91 ; the 
following are left as exercises for the student : 



sina cos B = cos b sin c — sin b cos c cos A 
sina cos C = sin b cos c — cos b sin c cos A 
sin b cos A = cos a sin c — sin a cos c cos B 
sin b cos C = sin a cos c — cos a sin c cos B 
sin c cos A = cos a sin 6 — sin a cos b cos C 
sin c cos B = sin a cos & — cos a sin & cos C 



(i) 

(2) 
(3) 
(4) 
(5) 
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Applying these six formulae to the polar triangle, we 
obtain the following six : 



sin A cos b = cos B sin C + sin B cos C cos a . 
sin A cos c = sin B cos C + cos B sin C cos a . 
sinB cos a = cos A sin C + sin A cos C cos b . 
sinB cos c = sin A cos C + cos A sin C cos b . 
sin C cos a = cos A sin B + sin A cos B cos c . 
sinC cos b = sin A cos B -f- cos A sin B cos c . 



(7) 

(8) 

(9) 

(10) 

(11) 
(12) 



95. Formulae for the Half Angles. — To express the 
sine j cosine, and tangent of half an angle of a spherical 
triangle in terms of the sides. 

I. By (4) of Art. 91 we have 

A cos a — cos b cos c + „:~2-A. / A ^ a k\ 
= :— : — : = 1 — 2 sin 2 —- (Art. 45) 

sin b sin c 2 

. 9 A ^ cos a — cos b cos c 
.-. 2 sin 2 — = 1 — - -, 

2 sin b sin c 

_ cos (b — c) — cos a 
sin b sin c 

.-. in 2A = sip ^ a+6 ~ c ) sip ^ a ~ & + c ) (Art. 41) 
2 sin b sin c 

Let 2« = a + 6 + c; so that s is half the sum of the sides 
of the triangle ; then 

a 4-6 — c = 2(« — c), and a — 6 + c = 2(« — 6). 

. n , n 2 A _ sin (s - 6) sin (s - c) 
2 sin o sin c 



... 8i A / 3in( 8 -6)3in( 8 -c) . . . (1) 
2 \ sin b sine 
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Advancing letters, 

sin 5 = /sin (« - c) sin (« - q) ^ 

2 \ sine sin a ' 



sing=J siD < 8 T a ) S l n l 8 - 6 > . . . (3) 
2 \ smasinfc 

H. 2cos 2 ^ = l + cosA (Art. 45) 

__ .. . cos a — cos b cos c 
sin b sin c 

_ cos a — cos (& 4- c) 
sin 6 sine 

.-. coe» A = sin ^( a + & + °) s j n £(& + <? - a) 
2 sin & sine 

__ sins sin (s — a) 
sin & sine 

_ A /sin $ sin (s — a) /ylx 

.-. cos-=a/ —- \ ^ (4) 

2 V sm&sinc 

Advancing letters, 

,™ B /sin 8 sin (s — 6) /ex 

2 \ sincsma 



cos 



C _ l sinasin(g — c) , fi v 

2 \ sinasinfc 



III. By division, we obtain 



ta A Epl^ ... (7) 
2 \ sinssin(s — a) 

tang=J sin < 8 - c ) 8in ^- a ) ... (8) 

2 \ sinssin(s-&) v ' 

^C /gin(a -a)sin( 8 -6) . . . (9) 
2 \ sinssin(s — c) 
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Sch. The positive sign must be given to the radicals in 
each case in this article, because \ A, * B, \Q are each less 
than 90°. 

Gar. 1. tanAta^g^ 8111 ^- ) (10) 

2 2 sins v ' 

tangtang = siD (*-- a ) (11) 

2 2 sins v } 

. Q. A sin(s — b) /1Q \ 

tan-- tan— = — ^ '- (12) 

2 2 sins 

A A 

Cor. 2. Since sinA = 2sin--cos— , 

. » _ 2 Vsin s sin (s — a) sin (s — 6) sin (s — c) ^«\ 

sin&sinc 

- 2n ru} 

sin b sin c 
where n* = sin s sin (s — a) sin (s — 6) sin (s — c) . 



EXAMPLES. 

.. -n • ia 1— cos 2 a— cos 2 &— cos 2 c+2cosacos&cosc 

1. Prove sin 2 A= . . 7 ■ 

sir & sire 
_ 4n 2 

sin 2 b sin 2 <?' 
where 4 n 2 = 1 — cos 2 a — cos 2 b — cos 2 c + 2 cos a cos 6 cos c. 

C C 

2. Prove cos c = cos (a 4- b) sin 2 — + cos (a — 6) cos 2 — • 

3. Prove 8m^8ing8ing = 8in ( 8 -°) sin ( 8 - ft ) sin ( 8 - c ). 

2 2 2 sin a sin & sin c 

4 Prove cosA + cosB = sin ( a + &) , 
1 — cosG sine 

96. Formula for the Half Sides. — To express the sine, 
cosine, and tangent of half a side of a spherical triangle in 
terms of the angles. 
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By (1) of Art. 92, we have 

cos a = cos A + cos B cos C = 1 _ g ^a # (Art 45) 
sin B sm C 2 

.-. 2 sin 2 * 1 = cos A + cos ( B + C ) . 
2 sin B sin C 

... sin 2« = _ CQ8i(A+B+C)co8i(B+C-A) (Art ^ 
"2 sin B sin C 

Let 2 S = A + B + C ; then B + C - A = 2 (S - A). 

Proceeding in the same way as in Art. 95, we find the 
following expressions for the sides, in terms of the three 
angles : 

ein a = i r~ ° 08 S cos (S - *$ (T\ 

2 \ sinBsinC W 

gin & r^WwsJS^ (2) 

2 Af sin G Bin A v ' 

smg = J-gg^ C08 ( S - C > (3) 

2 \ sinAsinB v } 

cosg = > s ( S T B ) COS < S - C > (4) 

2 \ sinBsinC v y 



cos^J 008 ^- ) 008 ^^^ (5) 

2 \ sinCsinA V ; 

cos^ = J cos ( S - A ) cos ( S ~ :B ) (6) 

2 \ sinAsinB v ' 

tmg^J cosScos(S-A) 1 (7) 

2 \ cos (S - B) cos (S - C) v ' 

tan* = J cosScos(S-B) " .... (8) 

2 \ cos (S - C) cos (S -A) v } 

tan° = J egsScos(S-C) \ . . . . (9 ) 

2 \ cos (S - A) cos (S - B) w 
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Sch. 1. These formulae may also be obtained immediately 
from those of Art. 95 by means of the polar triangle. 

Sch. 2. The positive sign must be given to the above 

radicals, because -, -, -, are each less than 90°. 

2, 2 V 

Sch. 3. These values of the sines, cosines, and tangents 
of the half sides are always real. 

For S is > 90° and < 270° (Art. 84), so that cos S is 
always negative. 

Also, in the polar triangle, any side is less than the sum 
of the other two (Art. 84). 

.-. ir — A<ir — B + ir — C. 

.*. B + C — A < tt. .'. cos (S — A) is positive. 

Similarly, cos (S — B) and cos (S — C) are positive. 



Cor. Since sin a = 2 sin ? cos % 

sina= 2V^cosScos(S- A)cos(S -B)cos(S-^C)' (1Q v 

sin B sin C 

__ 2N 



sin B sin C 



where N= V— cos S cos (S — A) cos (S — B) cos (S — C). 



EXAMPLES. 

1. Prove cosC=— cos(A+B)cos 2 £ — cos(A— B)sin*£ 

-o . a . b > c — NcosS 

2. Prove sin - sin - sin - = . . . , 

2 2 2 sin A sin B sin C 

where IN" = V— cos S cos (S — A) cos (S — B) cos (S — C). 
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97. Napier's Analogies. 

-__. sin A sinB /A , nAX ^v 
Let m = — = — — (Art. 90) (1) 

sin a sin 6 

sin A •+- sin B , A , u v /ox 

= a \» „ I c ^ 7, ( A1 8 ebra ) ( 2 ) 
sin a + sin o 

sin A — sin B /0 \ 

or =— : -— ... (3) 

sin a — sin o 
cos A + cos B cos C = sin B sin C cos a (Art. 92) 

= m sin C sin b cos a, by (1) (4) 
and cos B + cos C cos A = sin C sin A cos b 

= m sin C sin a cos b . . (5) 
.-. (cos A + cos B) (1 + cos C) = m sin C sin (a + &) . (6) 
Dividing (2) by (6), 

sin A + sin B sin a + sin 6 1+ cos C 

^— — — — — —————— — ;- j ————————————————— • ———————————— • 

cos A + cos B sin (a + b) sin C 

• (Arts. 41, 42, and 45) 

Similarly, WCA-B^ ^ffi-jfl cotg. . (8) 

sm £ (a + 0) I 

Writing „- — A for a, etc., by Art. 84, we obtain from 
(7) and (8) 

iM *< 8+> >- ^l;-) ) to l- •■ • • (9) 
tm *< a - 5 >- S-lll;_) tMi l- • • - (l0) 

Sch. The formulae (7), (8), (9), (10) are known as 
Napier's Analogies, after their discoverer. The last two 
may be proved without the polar triangle by starting with 
the formulae of Art. 91. 
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Cor. In any spherical triangle whose parts are positive, 
and less than 180°, the half-sum of any two sides and the half- 
sum of their opposite angles are of the same species. 

C 
For, since cos i (a — b) and cot — are necessarily positive, 

therefore by (7) tan^(A + B) and cos£(a + &) are both 
positive or both negative. 

.-. i (A + B) and i(a + b) are both > or both < or = 90°. 

96. Delambre's (or Gauss's) Analogies. 

sin*(A + B) 

A B , A . B 

= sin — cos — + cos _. sin — - 

2 2 2 2 



_ /sin (s — b) sin (s -^c) / sin s sin (s — b) 
\ sin b sine \ sine sin a 

+ / sin s sin (s ^a) /sin (s - c) sin {s - a) , ^ 9 ~ 
Af sin b sine * sine sin a 



__ sin (8 — b) + sin (s — a) /sin a sin (s — c) 
sine \ « sin a sin 6 



cos i (a — 6) C , . , .„ _ _ _. 

— 2-1 £ cos jr (Arts. 41 and 95) 

cos£ 
2 

c C 

,\ sin i (A + B) cos - = cos i (a— b) cos ^ . . . (1) 

^ 2 

Similarly, we obtain the following three equations : 

sin£(A — B)sin^ = sin£(a — 6)cos^ . . . .(2) 

C C 

oosi(A + B)cos-==cos|(a+&)sin^ ... (3) 

c C 

cos i (A — B) sin - = sin i (a + b) sin - . . . (4) 
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Sch. 1. When the sides and angles are all less than 180°, 
both members of these equations are positive. 

Sch. 2. Napier's Analogies may be obtained from De- 
lambre's by division. 

None. — Delambre's Analogies were discovered by hind in 1807, and published in 
the Connaissance des Temps for 1800, p. 443. They were subsequently discovered 
independently by Gauss, and published by him, and are sometimes improperly 
called Gauss's equations. Both systems may be proved geometrically. The 
geometric proof is the one originally given by Delambre. It was rediscovered by 
Professor Crofton in 1860, and published in the Proceedings of the London Mathe- 
matical Society, Vol. III. [Casey's Trigonometry, p. 41]. 

EXAMPLES. 

In the right triangle ABC, in which C is the right angle, 
prove the following relations in Exs. 1^39 : 

1. sin 2 a cos 2 b = sin (c + b) sin (c — b) . 

2. tan 2 a: tan 2 & = sin 2 c — sin 2 &: sin 2 c — sin'a* 

3. cos 2 a cos 2 B = sin 2 A — sin 2 a. 

4. cos* A + cos 2 c = cos 2 A cos 2 c + cos 2 a. 

5. sin 2 A — cos 2 B = sin 2 a sin 2 B. 

« 

6. If one of the sides of a right triangle be equal to the 
opposite angle, the remaining parts are each equal to 90°. 

7. If the angle A of a right triangle be acute, show that 
the difference of the sides which contain it is less than 90°. 

8. Prove tan?^-^^. 

• 2 sin 8 

9. Prove (1) 2n = sinasin&; (2) 2N = sinasinB. 

10. Prove sin 2 a sin 2 6 = sin 2 a + sin 2 & — sin 2 c. 

11. Prove tan 2 ^ = sin ( c - & >. 

2 sin (c + b) 

12. Prove 2 sin 2 | = sin 2 £(a + b) + sin 2 £(a - b) . 
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13. In a spherical triangle, if c = 90°, prove that 

tan a tan b + sec C = 0. 

14. In a spherical triangle, if c = 90°, prove that 

sin 2 jp = cot $ cot 4>> 

where p is the perpendicular on c, and and <f> are the seg- 
ments of the vertical angle. 

15. Show that the ratio of the cosines of the segments 
of the base made by the perpendicular from the vertex is 
equal to the ratio of the cosines of the sides. 

16. If 6 be the bisector of the hypotenuse, show that 

sin*a + sin , 6 



sin»B = 



4cos*£ 



n h 

17. Prove tan S = cot -cot-- 



18. Show that sin^ = Vsin c + sin ° + Vsin c ~ 8in a . 

2 2 Vsin c 



19. siniA=J|»L^ 

\ 2 cos 6 sine 



on t a / sin (c + b) 

20. cos^Ar*-*/- — v \ ' - 

\2cososmc 

21. sin (a + b) tan* (A + B) = sin (g - b) cot £(A - B). 

cos a + cos b 



22. sin(A + B) = 



23. sin(A-B) = 



24. cos(A + B)=:- 



1 + cos a cos b 

cos b — cos a 
1 — cos a cos b 

sin a sin b 



1 -f cos a cos b 
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25. cos(A-B) = 



sin a sin b 
1 — cos o COS b 



26. sin'^ = 



sin^cos^ + cos^sin 1 !- 



27. sin (c - b) = sin (c + 6) tan 8 £• 

28. sin(a-*) = sinatanf-sin & tanB. 

29. sin (c — a)=: cos a sin b tan —• 

30. If a, /J be the arcs drawn from the right angle 
respectively perpendicular to and bisecting the hypotenuse 
c, show that 

sin 2 £(l + sin 2 a)==sin 2 0: 

31. In a triangle, if C be a right angle and D the middle 
point of AB, show that 

4 cos 2 ^ sin 2 CD = sin 2 a + sin 2 b. 

In a right triangle, if p be the length of the arc drawn 
from the right angle C perpendicular to the hypotenuse 
AB, prove : 

32. cot 2 jp = cot 2 a + cot 2 b. 

33. cos 2 jp = cos 2 A-f cos 2 B. 

34. tan 2 a = T tan a' tan c. 

35. tan 2 b = ± tan 6' tan c. 

36. tan 2 a : tan 2 b = tan a f : tan &'. 

37. sin 2 /> = sin a' sin &'. 

38. sinpsinc = sin a sin 6. 

39. tan a tan b = tan c sin p. 
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In the oblique triangle ABC, prove the following : 

40. If the difference between any two angles of a tri- 
angle is 90°, the remaining angle is less than 90°. 

41. If a triangle is equilateral or isosceles, its polar tri 
angle is equilateral or isosceles. 

42. If in a triangle the side a = 90°, show that 

cos A + cos B cos C = 0. 

43. Prove 4N 2 = 1 — cos 2 A — cos 2 B — cos 2 C 

— 2 cos A cos B cos C. 

44. If p, q, r be the perpendiculars from the vertices on 
the opposite sides, show that 

(1) sin a sin p = sin b sin q = sin c sin r=2n. 

(2) sin A sinjp = sin B sin q = sin C sin r = 2N. 

m- p sin 2 A + sin 2 B + sin 2 C _ 1 + cos A cosB cosC 

sin 2 a + sin 2 6 + sin 2 c 1 — cos a cos b cos c 

46. If I be the length of the arc joining the middle point 

of the base to the vertex, find an expression for its length 

in terms of the sides. . , cos a + cos b 

An8. cost = 



2cos£ 
2 

47. If the side c of a triangle be 90°, and 8 the arc drawn 
at right angles to it from the opposite vertex, show that 

cot 2 8= cot 2 A + cot 2 B. 

48. If A = B + C, and D be the middle point of a, show 
that a = 2 AD. 

49. If D be the middle point of c, show that 

cos a + cos 6 = 2 cos £ cos CD. 

50. If b + c ss 7T, show that sin 2B 4- sin 2C = 0. 
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CHAPTER VII. 
SOLUTION OF SPHEBIOAL TRIANGLES. 

99. Preliminary Observations. — In every spherical tri- 
angle there are six elements, the three sides and the three 
angles, besides the radius of the sphere, which is supposed 
constant. The solution of spherical triangles is the process 
by which, when the values of any three elements are given, 
we calculate the values of the remaining three (Art. 84, 
Note). 

In making the calculations, attention must be paid to the 
algebraic signs of the functions. When angles greater than 
90° occur in calculation, we replace them by their supple- 
ments ; and if the functions of such angles be either cosine, 
tangent, cotangent, or secant, we take account of the change 
of sign. 

It is necessary to avoid the calculation of very small 
angles by their cosines, or of angles near 90° by their sines, 
for their tabular differences vary too slowly. It is better 
to determine such angles, for example, by means of their 
tangents. 

We shall begin with the right triangle; here two ele- 
ments, in addition to the right angle, will be supposed 
known. 

SOLUTION OF RIGHT SPHERICAL TRIANGLES. 

100. The Solution of Eight Spherical Triangles presents 
Six Cases, which may be solved by the formulae of Art. 
85. If the formula required for any case be not remem- 
bered, it is always easy to find it by Napier's Rules (Art. 
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86). In applying these rules, we must choose the middle 
part as follows : 

When the three parts considered are all adjacent, the 
one between is, of course, the middle part. When only 
two are adjacent, the other one is the middle part. 

Let ABC be a spherical triangle, 
right-angled at C, and let a, b, c 
denote the sides opposite the angles 
A, B, C, respectively. 

We shall assume that the parts 
are all positive and less than 180° 
(Art. 82). 

101. Case I — Given the hypotenuse c and an angle A ; to 
find a, b, B. 

By (3), (5), and (8) of Art. 85, or by Napier's Rules, 

we have 

sin a = sin c sin A, 

tan b = tan c cos A, 

cotB = cos c tan A. 

Since a is found by its sine, it would be ambiguous, but 
the ambiguity is removed because a and A are of the same 
species [Art. 87, (1)]. B and b are determined imme- 
diately without ambiguity. 

If a be very near 90°, we commence by calculating the 
values of b and B, and then determine a by either of the 
formulae 

tan a = sin b tan A, tan a = tan c cos B. 

Check. — As a final step, in order to guard against numer- 
ical errors, it is often expedient to check the logarithmic 
work, which may be done in every case without the neces- 
sity of new logarithms. To check the work, we make up 
a formula between the three required parts, and see whether 



CASE II. 
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it is satisfied by the results. In the present case, when the 
three parts a, b, B have been found, the check formula is 



sin a = tan b cot B 



[(6) of Art. 85] 



Ex. 1. Given c = 81° 29' 32", A = 32° 18' 17" ; find a, 6, B. 



/Solution. 



log sin c = 
log sin A = 

log sin a = 

.*. a = 

log cos c = 
log tan A = 

log cot B = 

.-. B = 



9.99520 
9.72788 

9.72308 

31° 54' 25". 

9.17009 
9.80092 



8.97101 
84° 39' 21". 



log tan c = 
log cos A = 

log tan b = 

.-. b = 



10.82510 
9.92697 

10.75207 

79° 57' 48". 



Check. 

log tan b =10.75207 
log cot B = 8.97101 

log sin a = 9.72308 



Ex. 2. Given c = 110° 46' 20", A = 80° 10' 30" ; find a, b, B. 
Ans. a = 67° 5' 52", b = 155° 46' 42", B = 153° 58' 24". 



102. Case n. — Given the hypotenuse c and a side a ; to 
find by A, B. 

By (!)> (3), (4) of Art. 85, or by Napier's Bules, we 
have 

rt/vo * cos c a . A sin a A -d tan a 
cos o = , sin A = , cos B = • 

cos a sin c tan c 

The check formula involves b, A, B ; therefore, from (9) 
of Art. 85 we have 

cos B = sin A cos b. 

» 

In this case there is an apparent ambiguity in the value 
of A, but this is removed by considering that A and a are 
always of the same species (Art. 87). 
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Ex. 1. Given c = 140°, a = 20° ; find b> A, B. 

Solution. 



log cos c = 9.88425- 
colog cos a = 0.02702 

log cos b = 9.91127- 

.-. b =144° 36' 28". 

log tan a = 9.56106 
colog tan c = 0.07619- 



log cos B = 9.63725- 
.-. B =115° 42' 23". 



log sin a = 9.53405 
colog sin c = 0.19193 

log sin A =9.72598 

.-. A =32° 8' 48". 

Check, 

log sin A =9.72598 
log cos b = 9.91127 

log cos B =9.63725 



Ex. 2. Given c = 72° 30', a = 45° 15' : find 6, A, B. 

Am. b = 64° 42' 52", A = 48° V 44", B = 71° 27' 15". 

103b Case m. — Given a side a and the adjacent angle B ; 
to find A, b, c. 

By (10), (6), (4) of Art. 85, we have 

cos A = cos a sin B, tan b = sin a tanB, cot c = cot a cos B. 

Check formula, cos A = tan b cot c. 

In this case there is evidently no ambiguity. 

Ex. 1. Givena=31°20'45", B=55°30'30"; find A, b } c. 

Solution. 



log cos a =9.93148 
log sin B = 9.91604 

log cos A = 9.84752 

.-. A =45° 15' 28". 

log cot a =0.21531 
log cos B = 9.75304 

log cote =9.96835 

.-. c =47° 5' 11". 



log sin a =9.71617 
log tan B = 0.16300 

log tan b =9.87917 

... b =37° 7' 50". 

Check. 

log tan b = 9.87917 
log cote =9.96835 

log cos A = 9.84752 • 
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Ex. 2. Given a=112° 0' 0", B=152° 23' 1"; find A, b, c. 
An*. A = 100°, b = 154° V 26", c = 70° 18' 10". 

104. Case IV. — Given a side a and the opposite angle A ; 
to find b, c, B. 

By (7), (3), (10) of Art. 85, we have 

«;« j» 4-„~„™4-a „:„„ sin a tt - -r> cos A 
sin o = tan a cot A, sin c = — — -, sin r> = • 

sin A cos a 

Check formula, sin 6 = sine sinB. 

In this case there is an ambiguity, as the parts are deter- 
mined by their sines, and two values for each are in general 
admissible. But for each value of b there will, in general, 
be only one value for c, since c and b are connected by the 
relation cos c = cos a cos b (Art. 85); and at the same time 
only one admissible value for B, since cos c = cot A cot B. 
Hence there will be, in general, only two triangles having 
the given parts, except when the side a is a quadrant and 
the angle A is also 90°, in which case the solution becomes 
indeterminate. 

It is also easily seen from a figure that the ambiguity 
must occur in general (Art. 88). 

When a = A, the formulae, and also the figure, show that 
b, c, and B are each 90°. 

Ex. 1. Given a = 46° 45', A = 59° 12' : find b, c, B. 

Solution. 



log tan a = 0.02655 
log cot A =9.77533 

log sin b =9.80188 

.-. b =39° 19' 24". 
or 140° 40' 36". 



log sin a = 9.86235 
log sin A = 9.93397 

log sine =9.92838 

.-. c =57° 59' 29", 
or 122° 0'31". 
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log cos A = 9.70931 
log cos a =9.83581 

log sin B =9.87360 

.-. B =48° 21' 28", 
or 131° 38' 32". 



Check. 

log sine =9.92838 
log sin B = 9.87350 

log sin b =9.80188 



Ex. 2. Given a = 112°, A = 100° : find b, c, B. 

Am. 6 = 154° 7' 26", c = 70° 18' 10", B = 152°23' 1". 
or 25° 52' 34", or 109° 41' 50", or 27° 36' 59". 

105. Case V. — Given the two sides a and b; to find A, 
B, c. 

By (7), (6), (1) of Art 85, we have 

cot A = cot a sin b, cot B = cot b sin a, cos c = cos a cos 6. 

Check formula, cos c = cot A cot B. 
In this case there is no ambiguity. 

Ex. 1. Given a = 54° 16', b = 33° 12' : find A, B, c. 

Am. A = 68° 29' 53", B= 38° 52' 26", c = 60°44'46". 

Ex. 2. Given a = 56° 34', b = 27° 18': find A, B, c. 

Am. A = 73° 9' 13", B = 31° 44' 9", c = 60° 41' 9". 

106. Case VI. — Given the two angles A and B ; to find a, 
b, and c 

By (10), (9), (8) 

cos A , cosB . k . t» 
cos a = -: — --, cos b = -: — r , cos c = cot A cot B. 

sin B sin A 

Check formula, cos c = cos a cos b. 
There is no ambiguity in this case. 

Ex. 1. Given A = 74° 15', B = 32° 10' : find a, b, c. 

Am. a = 59° 20' 44", b = 28° 24' 54", c = 63° 21' 24".5. 

Ex. 2. Given A = 91° 11', B = 111° 11' : find a, b, c. 

Ans. a = 91° 16' 8", b = 111° U' 16", c = 89° 32' 29". 



EXAMPLES. 
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107. Quadrantal and Isosceles Triangles. — Since the 
polar triangle of a quadrantal triangle is a right triangle 
(Art. 84), we have only to solve the polar triangle by the 
formulae of Art. 85, and take the supplements of the parts 
thus found for the required parts of the given triangle ; or 
we can solve the quadrantal triangle immediately by the 
formulae of Art. 89.* 

A biquadrantal triangle is indeterminate unless either 
the base or the vertical angle be given. 

An isosceles triangle is easily solved by dividing it into 
two equal right triangles by drawing an arc from the vertex 
to the middle of the base. 

The solution of triangles in which a + b = w, or A + B = w f 
can be made to depend on the solution of right triangles. 
Thus (see the second figure of Art. 91) the triangle B'AC 
has the two equal sides, a' and 6, given, or the two equal 
angles, A and B', given, according as a + 6 = irorA + B = w 
in the triangle ABC. 



EXAMPLES. 



Solve the following right triangles : 



1. 



2. 



3. 



4. 



5. 



Given c=32°34', 
find a= 22° 15' 43", 

Given c=69°25'll", 
find a=50°* 0' 0", 

Given c=55° 9'32", 
find &=51°53', 

Given c=127°12', 
find 6=39° 6'25", 

Given a= 118° 54', 

find A =95° 55' 2", 



a=44°44'; 
6=24° 24' 19", 

A=54°54'42"; 
6 =56° 50' 49", 

a=22°15' 7"; 
A=27°28'37'.5, 

a«14TU'; 
A=128°5'54", 

B=12°19'; 
6= 10° 49' 17", 



B=50°8'21". 



B=63°25'4". 



B=73°27'll".l. 



B=52°21'49". 



c=118°20 f 20". 



* Quadrantal triangle* are generally avoided in practice, but when unavoidable, 
they are readily solved by either of these methods. 
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6. 



7. 



8. 



9. 



10. 



11. 



12. 



Given a =29° 46' 8", 
findA=54° 1'16", 

Given a= 77° 21' 50", 
find 6= 28° 14' 31", 
or &'=151°45'29", 

Given a =68°, 
find b =25° 52' 33", 
or &'= 154° V 27", 

Given a=144°27'3", 
find A =126° 40' 24", 

Given a= 36° 27', 
find A= 46° 59' 43", 

Given A =63° 15' 12", 
find a =49° 59' 56", 

Given A= 67° 54' 47", 



B = 137° 24' 21"; 
6=155°27'54", 

A= 83° 56' 40"; 
c= 78° 53' 20", 
c'=101°6'40", 

A=80°; 
c= 70° 18' 10", 
c'=109°41'50", 

6=32° 8' 56"; 
B= 47° 13' 43", 

6= 43° 32' 31"; 
B= 57° 59' 19", 

B= 135° 33' 39"; 
6= 143° 5' 12", 

B= 99° 57' 35"; 
b =100° 45', 



find a= 67° 33' 27", 

13. Solve the quadrantal triangle in which 

c = 90°, A = 42°l', B = 121°20'. 
Ana. C = 67° 16' 22", 6 = 112°10'20", a 

14. Solve the quadrantal triangle in which 

a = 174° 12' 49", b = 94° 8' 20", c = 90°. 
Ans. A = 175° 57' 10", B = 135° 42' 55", C 



c=142° 9' 13". 

B= 28° 49' 57", 
B'=151°10' 3". 

B= 27°36'59", 
B'=152°23' 1". 

c= 133° 32' 26". 

c= 54° 20'. 

c= 120° 55' 34". 

c= 94° 5'. 



= 46° 31' 36". 



= 135° 34' 8". 



SOLUTION OF OBLIQUE SPHERICAL TRIANGLES. 

108. The Solution of Oblique Spherical Triangles presents 
Six Cases ; as follows : 

I. Given two sides and the included angle, a, b, C. 
II. Given two angles and the included side, A, B, c. 
III. Given two sides and an angle opposite one of them, 
a, b, A, 
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IV. Given two angles and a side opposite one of them, 
A, B, a. 

V. CHven the three sides, a, b, a 
VI. CHven the three angles, A, B, C. 

These six cases are immediately resolved into three pairs 
of cases by the aid of the polar triangle (Art. 84). 

For when two sides and the included angle are given, 
and the remaining parts are required, the application of 
the data to the polar triangle transforms the problem into 
the supplemental problem: given two angles and the 
included side, to find the remaining parts. 

Similarly, cases III. and IV. are supplemental, also V. 
and VI. 

The parts are all positive and less than 180° (Art. 82). 
The attention of the student is called to Art. 99. 

109. Case I. — Given two sides, a, b, and the included 
angle C ; to find A, B, c. 

By Napier's Analogies, (7) and (8) of Art. 97, 

tan i (A + B) = cos * < a ~ b) cot§. 
* v ' cos£(a + 6) 2 

tani(A-B) = s | n tS a "?? co4 
* v ' sin£(a + 6) 2 

These determine £(A + B) and £(A — B), and there- 
fore A and B ; then c can be found by Art. 90, or by one 
of Gauss's equations (Art. 98). Since c is found from its 
sine in Art. 90, it may be uncertain which of two values is 
to be given to it : if we determine c from one of Gauss's 
equations, it is free from ambiguity. We may therefore 
find c from (3) of Art. 98. Thus 

c C 

cos | (A + B) cos- = cos i (a + b) sin-. 

£ 2 
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Check, tan £ (a + 6) cos £ (A + B) = cos £ (A — B) tan — 
There is no ambiguity in this case. 

Ex. 1. Given a = 43° 18', b = 19° 24', C = 74° 22' : find 
A, B, c. 

Solution. 
£ (a + b) = 31° 21', £ (a - 6) = 11° 57', * C = 37° 11'. 



log cos i (a - b) = 9.99048 
log sec £ (a + &) = 0.06854 

log cot £ = 10.12000 
5 2 

logtan£(A+B) =10.17902 

.-. i (A + B) = 56° 29' 17" 
£(A-B) = 27°41' 0" 

.-. A = 84° 10' 17" 

B = 28° 48' 17". 
c = 41°36' 0". 



log sin i (a - b) = 9.31609 
log cosec£ (a +&).== 0.28377 

log cot ^ =10.12000 
logtan£(A-B)= 9.71986 

.-. £(A-B)=27°41'0". 

log cos i (a + b) = 9.93146 
logsec£(A + B)= 0.25797 

log sin | = 9.78130 
log cos | = 9.97073 
.\ ^ = 20°48'0". 




Otherwise thus: Let fall the 
perpendicular BD, dividing the 
triangle ABC into two right tri- 
angles, BDA, BDC. Denote AD 
by m, the angle ABD by <f>, and A 
BD by p. Then by Napier's Eules, 
we have 

cos C = tan (6 — m) cot a ; 

sin (b — m) = cot C tanp ; sin m = cot A tan p. 

,\ tan(6 — m) = tanacosC 

and tan A sin m = tan C sin (6 — m) 



(i) 

(2) 
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From (1) m is determined, and from (2) A is determined. 
In a similar manner B may be found. 
Also, from the same triangles, we have by Napier's Bules 

cos a = cos (6 — m) cosp ; cos c = cos m cos p. 
.•. cos c cos (b — m) = cos m cos a, 

from which c is found. 

Note. — This method has the advantage that, in using it, nothing need be remem- 
bered except Napier's Rules. 

If only the side c is wanted, it may be found from (4) of Art. 91, without pre- 
viously determining A and B. This formula may be adapted to logarithms by the 
use of a subsidiary angle. 

Ex. 2. Given 6=120° 30' 30", c=70°20'20", A=50°10' 10"; 
find B, C, a. 

Ans. B = 135° 5' 28", C = 50°30'8", a = 69° 34' 56". 

110. Case n. — Given two angles, A, B, and the included 
side c ; to find a, 6, C. 

By Napier's Analogies (9) and (10) of Art. 97, 

tani(a + 6) = 52si(A-Bi c 
* v ' cos£(A + B) 2 

tani(a-6)= s | n tif-g> tan£, 
* v } sin£(A + B) $ 

from which a and b are found. 

The remaining part C may be found by (2) of Art. 98. 

sin £ (a — b) cos — = sin £ (A — B) sin £• 

Check, cos£ (a — b) cot — = cos£ (a + b) tan£ (A + B). 
There is no ambiguity in this case. 
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Ex. 1. Given A=68°40', B=56°20', c«84°30'; find a, b f C. 

Solution. 
£(A + B) = 62°30', i(A-B) = 6°10', £ = 42°15'. 



logcos£(A-B) = 9.09748 
logseci(A+B)= 0.33559 

log tan | = 9.95825 

log tan i(a + b) = 10.29132 

.\ £(a + 6) = 62°55' 9" 

fr(q-6) = 6° 16' 39" 

a = 69° 11' 48" 

b = 56° 38' 30". 
C = 97°19' 4". 



logsin£(A-B) 3=9.03109 
logcosec£(A+B) =0.05207 

log tan- =9.95825 
8 2 

log tan -J- (a -6) =9.04141 

.-. £(a- b) =6° 16' 39". 

log sin£(A-B) =9.03109 
log cosec \{a - b) =0.96120 

log sin £=9.82761 
8 2 

log cos | =9.81990 



C 



= 48° 39' 32". 



Otherwise thus : Let fall the perpendicular BD (see last 
figure). Denote, as before, AD by w, the angle ABD by <f>, 
and BD by p. Then by Napier's Kules, we have 

cosc = cot<£cotA; 

cos <f> = cot c tan p ; cos (B — ^) = cot a tan p. 

.\ cot <f> = tan A cos c (1) 

tan a cos (B — ^)=cos^tanc (2) 

From (1) <£ is determined, and from (2) a is found. 
Similarly 6 may be found. 

Also, from the same triangles, we have 

cos C sin <j> = cos A sin (B — <j>), 
from which C is found. 
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Ex. 2. Given 

A = 135° 5' 28", C = 50°30'8", b = 69° 34' 56"; 

find a, c, B. 

uln*. a = 120° 30' 30", c = 70° 20' 20", B = 50° 10' 10". 

111. Case HI. — Given two sides, a, b, and the angle A 
opposite one of them ; to find B, C, c. 

The angle B is found from the formula, 

sin B = ?H£ sin A (Art. 90) (1) 

sin a 

Then C and c are found from Napier's Analogies, 

to | = !lt|^»H<A-B) (2) 

■"■ Kl^A-lj *-*<'-'>■ • • ■ < 3 > 



Cheeky 



sin A sin B sin C 
sin a sin 6 sin c 



Since B is found from its sine in (1), it will have two 
values, if sin A sin b < sin a, and the triangle, in general, 
will admit of two solutions. 

When sin A sin b > sin a, there will be no solution, for 
then sin B > 1. 

In order that either of these values found for B may be 
admissible, it is necessary and sufficient that, when sub- 
stituted in (2) and (3), they give positive values for 

C c 

tan— and tan-, or which is the same thing, that A — B and 

a — b have the same sign. Hence we have the following 

Rule. — If both values of B obtained from (1) be such as 
that A — B and a — b have like signs, there are two complete 
solutions. If only one of the values of B satisfies this condi- 
tion, there is only one triangle that satisfies the problem, sine* 
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in this case C, or c> 180°.* If neither of the values of B 
makes A — B and a — b of the same signs, the problem is 
impossible. 

This case is known as the ambiguous case, and is like the 
analogous ambiguity in Plane Trigonometry (Art. 73), 
though it is somewhat more complex. For a complete 
discussion of the Ambiguous Case, the student is referred 
to Todhunter's Spherical Trigonometry, pp. 53-58 ; McCol- 
lend and Preston's Spherical Trigonometry, pp. 137-143; 
Serret's Trigonometry, pp. 191-195, etc. 

Ex. 1. Given a=42°45', 5=47°15', A=56°30': findB, C, a 

Solution. 



log sin b = 9.86589 

cologsina =0.16826 

log sin A = 9.92110 

log sin B =9.95525 


l(a + b) = 45° 0' 0". 
£(a-&) =- 2° 15' 0". 
£(A + B) = 60° 28' 2". 
£(A - B) = - 3° 58' 2". 


.-. B = 64°26'4", 
B' = 115° 33' 56". 


i(A + B')= 86° 1'58". 
£(A - B') = - 29° 31' 58". 



Since both values of B are such that A — B, A — B', and 
a — b, are all negative, there are two solutions, by the above 
Eule. 



(1) When B = 64° 26' 4". 



log sin i (a — b) 

cologsin£(a+6) 

logcot|(A-B) 



8.59395- 
; 0.15052 
: 1.15894- 



log tan- =9.90341 
8 2 



. 2_ 
' 2"" 

•. C = 



38° 40' 48". 
77° 21' 36". 



log sin £(A + B) =9.93956 
cologsin£(A-B)=1.15998- 
logtan|(a-6) =8.59428- 

log tan | =9.69382 

.-. £=26° 17' 40". 
2 

.-. c =53° 35' 20". 
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(2) When B' = 115° 33' 56". 



log sin £(<*-&) =8.59395- 
cologsin£(a+6)=0.15051 
log coti(A-B') =0.24678- 

logtan ~ =8.99124 
6 2 

.\ ^' = 5° 35' 50". 
2 

.-. C'=11°11'40". 



logsin|(A + B') =9.99896 
cologsini(A-B') =0.30722- 
log tan i (a - b) = 8.59428 - 

log tan -=8.90046 
6 2 

.-. £-' = 4° 32' 47". 
2 

.-. c'=9° 5' 34". 



.4ns. B = 64° 26' 4", C =77° 21' 36", c =53° 35' 20"; 
B' = 115° 35' 56", C = 11° 11' 40", c' = 9° 5' 34". 

Otherwise thus: Let fall the 
perpendicular CD; denote AD 
by m, the angle ACD by <£, and 
CD by p. Then we have 



cos A = tan m cot b ; 
.*. tan m = cos A tan b 



(i) 




cos b = cot A cot <£. .% cot ^ = cos 6 tan A 

Again, 

cos a = cos (c — m) cosp ; cos b = cos m cos p. 

.*. cos (c — m) = cos a cos m -!- 6 . . 

Also, cos (C — <f>) = cot a tanp ; cos <£ = cot 6 tan p. 

.-. cos (C — <f>) = cot a tan b cos <£ . . 

sin b 



(2) 



Lastly, 



sinB = 



sin A 



sin a 



(3) 

(5) 



The required parts are given by (1), (2), (3), (4), (5). 

Ex. 2. Given a=73°49'38", 6=120° 53' 35", A=88°52'42": 
find B, C, a 

Ans. B = 116° 44' 48", C = 116° 44' 48", c = 120° 55' 35". 
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112. Case 17. — Given two angles, A, B, and the side a 
opposite one of them; to find b, c, C. 

This case reduces, by aid of the polar triangle, to the 
preceding case, and gives rise to the same ambiguities. 
Hence the same remarks made in Art. Ill apply in this 
case also, and the direct solution may be obtained in the 
same way as in Case III. Thus, 

The side b is found from the formula 



. , sinB . 
sin b = — — - sin a 

sin A 



a) 



Then c and G are found from Napier's Analogies. 

c cosHA + B) i( } 
2 cosi(A-B) 8V ' 

2 cos£(a + 6) 8V ' 



(2) 
(3) 



Check, 



sin A sin B sin C 



sin a 



sin& 



sine 



Ex. 1. Given A=66°7'20", B=52°50'20", a=59°28'27"; 

find by c, C. 

Solution. 

By (1) we find b = 48° 39' 16", or 131° 20' 44". 



£(A + B)=59°28'50". 
£(A-B) = 6° 38' 30". 

log cos i ( A + B) = 9.70572 

colog cos i ( A - B) = 0.00292 

log tan I (a + b) =10.13976 

log tan | = 9.84840 

.-. £ = 35° 11' 50". 
2 



i (a + b) = 54° 3'51f. 
£(a-6)= 5°24'35i". 

log cos i (a - b) = 9.99806 
colog cos i(a +6)= 0.23145 
logcoH(A + B)= 9.77049 

log tan ^ =10.00000 

••• §-«°- 
2 



The second value of b is inadmissible (see Rule of Art. 
Ill), and therefore there is only one solution. 

Arts, b = 48° 39' 16", c = 70° 23' 40", C = 90°. 



CASE V. 153 

Ex. 2. Given A = 110° 10', B = 133° 18', a = 147° 5' 32" ; 
find b, c, C. 

Ans. b = 155° 5 f 18", c = 33° V 45", C = 70° 20' 50". 

113. Case V. — Given the three sides, a,b, c ; to find the 
angles. 

The angles may be computed by any of the formulae of 
Art. 95 ; but since an angle near 90° cannot be accurately 
determined by its sine, nor one near 0° by its cosine, 
neither of the first six formulae can be used with advan- 
tage in all cases. The formulae for the tangents however are 
accurate in all parts of the quadrant, and are therefore to 
be preferred for the solution of a triangle in which all three 
sides or all three angles are given. 

By (7) of Art. 95 we have 

tan A = /sin (* - 6) sin (a - c) 
2 \ sin s sin (a — a) 

__ 1 /sin (a — a) sin (a — b) sin (s — c) 

sin(s — a)Af sins 

Since the part under the radical is a symmetric function 
of the sides, it is in the formulae for determining all three 
angles A, B, C, and when once calculated, it may be utilized 
in the calculation of each angle. For convenience in com- 
putation, denote this term by tan r. Then 

tan r = / sin (s - a) sin (s - b) sin (s - c) . 
\ sin a 

and (7), (8), (9) of Art. 95 become 

tanA = . tanr (1) 

2 sin (a -a) v ' 

tang= tanr (2) 

2 sin(a-6) V ; 

tan-= tanr — (3) 

2 sin(a-c) V ; 
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sin A sinB sinC 



sua 



sin 6 



sine 



Ex.1. GiTea « = 46°24', 5 = 67°14', c = 81°12'; find 

Solution. 



o« 4tf24' 


log sin ( 


5 - a) = 9.89060 


6« CU' 


log sin («-&) = 9.70137 


<■•= SI* 12' 


log sin (s - c) = 9.44602 


2 s •UK'S*' 


colog sin 8 = 0.00365 


.<= WSP, 


log tan 2 r = 9.04164 


-..-= W 1\ 


log tan r = 9.52082. 


= JKfll', 




—_ ^15'. 




....-.'•St tan r =9.52082 


tanr= 9.52082 


. . n.<,wi $m(s-b) = 9.70137 


sin(a-c) = 9.44602 


.. o*V3t tan |=9.81945 


tan 5 =10.07480* 
2 


. . ^- A ? =33° 25' 10". 


.-. £=49° 54' 35". 
2 


4V 

. u B=6£ 


1° 50' 20". 


C =99° 49' 10". 



s fc» 



; - UXV\ b = 37° 18', c = 62° 46' ; find A, 



„ v v -WIS' 46", B=2°17'55", C=3°22'25". 
.w* v i $W** the three angles, A, B, C; to find 

x v tVwttul® for the tangents are to be 



— cosS 

Y** v $ - A) cos (S - B) cos (S - C)' 

>\ *»«rf Art. 96, 



. \ . um* » cos (S - A), 
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tan - = tan E cos (S — B), 

tan £ = tan K cos (S — C), 

by which the three sides may be found. 

sin A sin B sin C 



Cheeky 



sin a 



sin b 



sine 



Ex.1. Given A = 68° 30', B = 74°20', C = 83°10'; find 
a, b 9 c. 

Solution. 



A= 68° 30' 




S = 113° 0' 


B= 74° 20' 


S-A = 44°30' 


C= 83° 10' 


S-B = 38° 40' 


2S = 226° 0' 


S-C= 29° 50' 


log (- cos S) = 9.59188 
log cos (S- A) = 9.85324 




log tan ^ = 9.80716 
5 2 


logcos(S-B) = 9.89254 
logcos(S-C) = 9.93826 




log tan | = 9.84646 


log tan 2 K = 9.90784 




log tan - = 9.89218 


log tan K = 9.95392* 




2 


a = 65° 21' 22 fl 






6 = 70° 9' 10", 






c = 75°55' 9". 


MMk. sina = 


sin? 


) sine 



sin A sin B sin C 

Ex.2. Given A=59°55'10", B=85°36'50°, C=59°55'10"; 
find a, b, e. 

Ans. a = 129° 11' 40", b = 63° 15' 12", c = 129° 11' 40". 

* The necessary additions may be conveniently performed by writing log tan R on 
a slip of paper, and holding it successively over log cos (S — A), log cos (S — B), and 
logcos(S-C). 
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1. 



2. 



3. 



5. 



6. 



7. 



8. 



9. 



10. 



11. 



12. 



rive the following right triangles : 






Given c= 


84° 20', 


A= 


35° 25'; 






find a= 


35° 13' 4", 


6= 


83° 3' 29", 


B= 


85° 59' 1". 


Given c= 


67° 54', 


A= 


43° 28'; 






find a= 


39° 35' 51", 


6= 


60° 46' 25", 


B= 


70°22'21". 


Given c= 


22° 18' 30", 


A= 


47° 39' 36"; 






find a= 


16° 17' 41", 


6= 


15° 26' 53", 


B= 


44° 33' 53". 


Given c= 


145°, 


A= 


23° 28'; 






find o= 


13° 12' 12", 


6= 


147° 17' 15", 


B= 


109° 34' 33". 


Given c= 


98° 6' 43", 


A= 


138° 27' 18"; 






find o= 


137° 6', 


6= 


77° 51', 


B= 


80° 55' 27". 


Given c= 


46° 40' 12", 


A= 


37° 46' 9"; 






find a= 


26° 27' 23", 


6= 


39° 57' 41", 


B= 


62° 0' 4". 


Given c= 


76° 42', 


a= 


47° 18'; 






find 6= 


70° 10' 13", 


A= 


49° 2' 24", 


B= 


75° 9'24". 


Given c= 


91° 18', 


a= 


72° 27'; 






find 6= 


94° 18' 53", 


A= 


72° 29' 48", 


B= 


94° 6' 53". 


Given c= 


86° 51', 


6= 


18° 1'50"; 






find a= 


86° 41' 14", 


A= 


88° 58' 25", 


B= 


18° 3' 32". 


Given c= 


23° 49' 51", 


a= 


14° 16' 35"; 






find 6= 


19° 17', 


A= 


37° 36' 49", 


B= 


54° 49' 23". 


Given c= 


97° 13' 4", 


a= 


132° 14' 12"; 






find 5= 


79° 13' 38", 


A= 


131° 43' 50", 


B= 


81° 58' 53". 


Given c= 


37° 40' 20", 


a= 


37° 40' 12"; 






find 6= 


0°26'37", 


A= 


89° 25' 37", 


B= 


0°43'33". 





EXAMPLES. 


1£ 


13. 


Given a= 82° 6', 


B= 


43° 28'; 






find A = 84°34 r 28 rf , 


6= 


43° 11' 38", 


c= 84° 14' 57". 


14. 


Given a= 42°30'30", 


B= 


53° 10' 30"; 






find A= 53° 50' 12", 


b= 


42° 3' 47", 


c= 56° 49' 8' r . 


15. 


Given a= 20°20'20", 


B= 


38° 10' 10"; 






find A= 64° 35' 16", 


6= 


15° 16' 50", 


c= 25° 14' 38". 


16. 


Given a= 92°47'32"; 


B= 


50° 2' 1"; 






find A= 92° 8'23", 


&= 


50°, 


c= 91°47'40". 


17. 


Given 6= 54°30', 


A= 


35° 30'; 






find B= 70° 17' 35", 


a= 


30° 8' 39", 


c= 59°51'20". 


18. 


Given 6= 155° 46' 42", 


A= 


80° 10' 30"; 






find B= 153° 58' 24", 


a= 


67° 6' 52", 


c=110°46'20". 


19. 


Given a= 35° 44', 


A= 


37° 28'; 






find 6= 69°50'24", 


c= 


73° 45' 15", 


B= 77° 54', 




or 6'= 110° 9' 36", 


c'= 


106° 14' 45", 


B'=102° 6'. 


20. 


Given a=129°33', 


A= 


104° 59'; 






find 6= 18° 54' 38", 


c= 


127° 2' 27", 


B= 23° 57' 19", 




or 6'=161° 5'22", 


c'= 


52° 57' 33", 


B'=156° 2'41". 


21. 


Given a= 21° 39', 


A= 


42° 10' 10"; 






find 6= 25° 59' 28", 


c= 


33° 20' 13", 


B= 52° 23' 3", 


• 


or b'= 154° 0'32", 


c'= 


146° 39' 47", 


B'=127°36'57". 


22. 


Given a= 42°18'45", 


A= 


46° 15' 25"; 




^ 


find 6= 60° 36' 10", 


c= 


68° 42' 59", 


B= 69°13'47", 




or 6'=119°23'50", 


c'= 


111° 17' 1", 


B'=110°46'13". 


r; 23. 


Given 6=160°, 


B= 


150°; 






find o= 39° 4' 51", 


c= 


136° 50' 23", 


A= 67° 9' 43", 


?i 


or a'=140°55' 9", 


c'= 


43° 9' 37", 


A'=112°50'17": 
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24. 



25. 



26. 



27. 



28. 



29. 



30. 



31. 



32. 



33. 



34. 



35. 



36. 





SPHERICAL TRIGONOMETRY. 




Given a= 


25° 18' 45", 


A= 


15° 58' 15". 






An$. Impossible; why? 










Given a= 


32° 9' 17", 


b= 


32° 41'; 






find A= 


49° 20' 17", 


B= 


50° 19' 16", 


c= 


44° 33' 17". 1 


Given a= 


55° 18', 


6= 


39° 27'; 






find A= 


66° 15' 6", 


B= 


45° 1'31", 


c= 


63°55'21". 

i 


Given a= 


56° 20', 


6= 


78° 40'; 






find A= 


56° 51' 7", 


B= 


80° 31' 48", 


c= 


83° 44' 44". 


Given a= 


86° 40', 


6= 


32° 40'; 




1 


find A= 


88° 11' 57", 


B= 


32° 42' 37", 


c= 


87° 11' 39". | 


Given a= 


37° 48' 12", 


6= 


59° 44' 16"; 






find A= 


41° 55' 45", 


B= 


70° 19' 15", 


c= 


66° 32' 6". 


Given a= 


116°, 


6= 


16°; 






find A= 


97° 39' 24", 


B= 


17°41'39", 


c= 


114° 55' 20". 


Given A = 


52° 26', 


B= 


49° 15'; 






find a= 


36° 24' 34", 


6= 


34° 33' 40", 


c= 


48° 29' 20". 


Given A = 


64° 15', 


B= 


48° 24'; 






find a= 


54° 28' 53", 


b= 


42° 30' 47", 


c= 


64° 38' 38". 


Given A = 


54° 1'15", 


B= 


137° 24' 21"; 






find a= 


29° 46' 8", 


5= 


155° 27' 55", 


c= 


142° 9' 12". 


Given A = 


46° 59' 42", 


B= 


57° 59' 17"; 






find a= 


36° 27', 


6= 


43°32'37", 


c= 


54° 20' 3". 


Given A = 


55° 32' 45", 


B= 


101° 47' 56"; 






find a= 


54° 41' 35", 


6= 


104° 21' 28", 


c= 


98°14 f 24". 


Given A = 


60° 27' 24", 


B= 


57° 16' 20"; 






find a= 


54° 32' 32", 


b= 


51° 43' 36", 


c= 


68° 56' 28". 



3V. 



38. 



39. 



40. 



41. 



42. 



43. 



44. 



45. 



46. 



47. 



48. 



EXAMPLES. 


15 


Solve the following qnadrantal triangles : 




( Given B« 74° 45', 


a= 18° 12', 


c= 90°; 


find 6= 85° 17' 15", 


A= 17° 34' 2", 


C= 104° 31' 13". 


Gisro>iA^110°47'50", 


B=135°35'34", 


c= 90°; 


find a=104°53' 0", 


ft=133°39'47", 


C= 104° 41' 37". 


Solve t>he following obliq 


ue triangles : 




Given a= 73° 58', 


b= 38° 45', 


C= 46° 33' 39"; 


find A=11G° 8'28", 


B= 35° 46' 39", 


c= 51° I'll". 


Given a= 96°24 f 30", 


6= 68° 27' 26", 


C= 84° 46' 40"; 


find A = 97*53' 0", 


B= 67° 59' 39", 


c= 87° 31' 37". 


Given a= 76° 24' 40", 


6= 58° 18' 36", 


C= 116° 30' 28"; 


find A= 63° 48' 35", 


B= 51° 46' 12", 


c= 104° 13' 27". 


Given a= 86°18'40'', 


&= 45° 36' 20", 


C= 120° 46' 30"; 


find A= 64° 48' 53", 


3= 40° 23' 15", 


c= 108° 39' 11". 


Given a= 88° 24', 


&=* 56° 48', 


C=128°16'; 


find A= 65° 13' 3", 


B= 49° 27' 51", 


c= 120° 10' 52". 


Given a= 68° 20' 25", 


b= 52° 13' 15", 


C=117°12'20"; 


find A= 56° 16' 15", 


B= 45° 4 f 41", 


c= 96°20'44". 


Given a= 88° 12' 20", 


6=124° ?'17", 


C= 50° 2' 1"; 


find A= 63° 15' 12", 


B=132°17'59'\ 


c= 59° 4' 25". 


Given A = 31° 34' 26", 


B= 30° 28' 12", 


o=: 70° 2' 3"; 


find a= 40° 1' 5", 


b= 38°31' 3", 


C=130° 3' 50". 


Given A = 96° 46' 30", 


B= 84° 30' 20", 


c«126°46'; 


find a=102°21'42", 


6= 78° 17' 2", 


0=125° 28' 13". 


Given A =107° 47' 7", 


B= 38° 58' 27", 


c= 51° 41' 14"; 


find a= 70° 20' 50", 


b= 38°27'59", 


C= 52° 29' 45". 
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49. GivenA=128°41'49' 
find a= 125° 44' 44' 

60. GivenA=129°58'30' 
find a= 85° 59', 

51. Given A= 95° 38' 4", 
find a= 99° 40' 48", 

52. Given A= 70°, 
find a= 57° 56' 53", 

53. Given a= 52° 45' 20", 
find B= 59° 24' 16", 
or B'=120°35'44", 

54. Given a= 48°45'40", 
find B= 55° 39' 57", 
or B'=124°20' 3", 

55. Given a= 46° 20' 45", 
find B= 54° 6' 19", 
or B'=125°53'41", 

56. Given a=150°57' 5", 
find B= 120° 47' 44", 
or B'= 59° 12' 16", 

57. Given a= 50°45'20", 
find B= 57° 34' 51", 
or B'=122°25' 9", 

58. Given a= 99° 40' 48", 
find B= 65° 33' 10", 

(No ambiguity ; why?) 

59. GivenA= 79°30'45", 
find 6= 36° 5' 34", 

(No ambiguity ; why?) 



B: 

6: 

B: 
b: 

C 

C: 

B: 

b. 

b: 
C: 

C: 

b: 
C: 

C: 

b: 

C: 

C: 

b: 

C: 

C: 

b: 

C: 

C: 

6: 
C: 



: 107° 33' 20", 
: 82° 47' 35", 

: 34° 29' 30", 
s 47° 29' 20", 

: 97° 26' 29", 
100° 49' 30", 

=131° 18', 
: 137° 20' 33", 

: 71° 12' 40", 
= 115° 39' 55", 
: 26° 59' 55", 

: 67° 12' 20", 
: 116° 34' 18", 
: 24° 32' 15", 

: 65° 18' 15", 
: 116° 55' 26", 
= 24° 12' 53", 

: 134° 15' 54", 
: 97° 42' 55", 
: 29° 9' 9", 

: 69° 12' 40", 
=115° 57' 50", 
: 25° 44' 31", 

: 64° 23' 15", 
: 97° 26' 29", 



B= 46° 15' 15", 
c= 50° 24' 57", 



c=124°12'31"; 

C=127°22' 7". 

c= 50° 6' 20"; 
C= 36° 6' 50". 

6= 64° 23' 15"; 
B= 65° 33' 10". 

c=116°; 
C= 94°48'12". 



A= 



c= 



A: 






f 



c 

A= 
c= 
c'= 

A= 

c= 
c r = 

A= 

c= 



c 

A 

c 



f 



46° 22' 10"; 
97° 33' 18", 
29° 57' 10". 

42° 20' 30"; 
93° 8' 9", 
27° 37' 20". 

40° 10' 30"; 
90° 31' 46", 
27° 23' 14". 

144° 22' 42"; 
55° 42' 8", • 
23° 57' 29". 

44° 22' 10"; 
95° 18' 16", 
28° 45' 5". 

95° 38' 4"; 
100° 49' 35". 



a= 53°18'20"; 
C= 70° 55' 35". 



* 
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60. Given A= 73° 11' 18", 
find 6= 41° 52' 34'!, 

(Only one solution ; why?) 

61. Given A= 46° 30' 40", 
find b= 33° 18' 47", 

(Only one solution ; why?) 

62. Given A = 36° 20' 20", 
find 5= 55° 25' 2", 
or 6'= 124° 34' 58", 

63. Given A = 52° 50' 20", 
find 5= 81° 15' 15", 
or &'= 98° 44' 45", 

64. Given A= 61° 37' 52", 

find a= 42° 37' 17", 
or a'=137°22'43", 

65. Given A = 70°, 
An*. Impossible ; why ? 

66. Given a=108°14', 

find A= 123° 53' 47", 

67. Given a= 57° 17', 

find A= 21° 1' 2", 

68. Given a= 68° 45', 

find A== 94°52'40", 

69. Given a= 63° 54', 

find A= 86° 30' 40", 

70. Given a= 70° 14' 20", 

find A=110°51'16", 

71. Given a=124°12'31", 

find A=127°22' 7", 



B= 

c= 

B= 
c= 

B = 

c= 
t 



c 

B: 

C: 
C' = 

B: 
C = 

C': 

B: 

b: 
B: 

B = 

h 
B = 

b. 
B 

h 

B: 

b 
B 



61° 18' 12", 
41° 35' 4", 

36° 20' 20", 
60° 32' 6", 

46° 30' 40", 

81° 27' 26", 

162° 34' 27", 

66° 7' 20", 
110° 10' 50", 
138° 45' 26", 

139° 54' 34", 

129° 41' 4", 

19° 58' 35", 

120°, 

75° 29', 
57° 46' 56", 

20° 39', 
8° 38' 46", 

53° 15', 
58° 5' 10", 

47° 18', 
54° 46' 14", 

49° 24' 10", 
48° 56' 4", 

54° 18' 16", 
51° 18' 11", 



a= 46° 45' 30"; 
C= 60° 42' 46". 

a= 42° 15' 20"; 
C=110° 3' 14". 



a- 
C= 

C: 

a: 

C = 
C: 

b: 

C: 

C: 

6: 

C: 
C = 

C = 

C = 

C= 

c= 
C= 

c= 
C= 

c= 
C= 



42° 15' 20"; 
119° 22' 27", 
= 164° 41' 55". 

: 59° 28' 27"; 
119° 43' 48", 
142° 24' 59". 

150° 17 '26"; 

89° 54' 19", 

: 26° 21' 17". 

80°. 

56° 37'; 
: 46° 51' 51". 

76° 22'; 
155° 31' 36". 

46° 30'; 
: 50° 50' 52". 

53° 26'; 
; 63° 12' 55". 

38° 46' 10"; 
38° 26' 48". 

97° 12' 25"; 
72° 26' 40". 
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72. 



73. 



74. 



75. 



76. 



77. 



78. 



79. 



Given o= 50° 12' 4", 


6= 116° 44' 48", 


c= 129° 11' 42"; 


find A= 59° 4'25", 


B= 94° 23' 10", 


C=120° 4' 50". 


Given A= 86° 20', 


B= 76° 30', 


C= 94°40 f ; 


find a= 87°20'28' r , 


6= 76° 44' 2", 


c= 93° 55' 31". 


Given A = 96° 45', 


B=108°30', 


C=116°15'; 


find a= 88°27'49", 


b =107° 19' 52", 


c= 115° 28' 13". 


Given A = 78° 30', 


B=118°40', 


C= 93° 20'; 


find a= 74°57'46", 


6=120° 8' 49", 


c= 100° 18' 11". 


Given A= 57° 50', 


B= 98° 20', 


C= 63° 40'; 


find a= 58° 8' 19", 


6= 83° 5' 36", 


c= 64° 3'20". 


Given A =129° 5' 28", 


B= 142° 12' 42", 


C=105° 8' 10"; 


find a =135° 49' 20", 


b =144° 37' 15", 


c= 60° 4' 54". 


Given A= 102° 14' 12", 


B= 54° 32' 24", 


C= 89° 5' 46"; 


find a=104°25' 8", 


6= 53° 49' 25", 


c= 97° 44' 18". 


Given A= 20° 9' 56", 


B= 55° 52' 32", 


C= 114° 20' 14"; 


find a= 20° 16' 38", 


6= 56° 19' 41", 


c= 66° 20' 43". 



It 



80. If a, b, c are each < -, show that the greater angle may 

Exceed ?• 
2 

81. If a alone > bw, show that A must exceed ^« 

82. If a and b are each >£«-, and c < £«-, prove that : 

(1) The greatest angle A must be > £«•; 

(2) B may be >^7r; 

(3) C may or may not be < ^7r. 

83. If cos a, cos b, cose are all negative, prove that cos A, 
cos B, cos C are all necessarily negative. 



THE IN-CIRCLE. 
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CHAPTER VIII. 



THE IN-OIEOLES AND OIEOUMOIEOLES. — AEEAS. 



116. The In-Circle (Inscribed Circle).— To find the 
angular radius of the in-circle of a triangle. 

Let ABC be the triangle; bisect the angles A and B 
by the arcs AO, BO; from draw 
OD, OE, OF perpendicular to the 
sides. Then it may be shown that 
is the in-centre, and that the per- 
pendiculars OD, OE, OF are each 
equal to the required angular radius. 

Let 2 s = the sum of the sides of 
the triangle ABC. The right triangles 
OAE, OAF are equal. 

.-. AF = AE. 

Similarly, BD = BF, and CD = CE. 

.-. BC + AF = AC + BF = s. 
.% AF = s-BC = s-a. 
Now tan OF = tan OAF sin AF . 




(Art. 86) 



or, denoting the radius OF by r, we have 



tan r = tan — sin (s — a) 

2 v ' 



(1) 



or tan r 



-j 



sin (s — a) sin (s — b) sin (s — c) 

sins 



n 
sins 



(Art. 95) (2) 
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Also, sin(«— a) 



= 8in^(6 + c)-|l 



=sin i(b + c) cos \a — cos ^(6 + c) sin £a 
sin ^ a cos ^ a 



. A 
sin — 

2 



[cos i(B - C) - cos i(B + C)] . (Art 98) 



_ sin a sin ^B sin ^C 
sin^A 

which in (1) gives 

. B . C 
sin — sin — 

tanr = r-r — sin a (3) 

cos£A v ' 

N ... (Art. 96) (4) 



2 cos % A cos £B cos £C 

116. The Circumcircle. — To find the angular radius of 
the circumcircle of a triangle. 

The small circle passing through the vertices of a spheri- 
cal triangle is called the circumscribing circle, or circumcircle, 
of the triangle. 

Let ABC be the triangle; bisect the 
sides CB, CA at D, E, and let O be the 
intersection of perpendiculars to CB, 
CA, at D, E; then O is the circum- 
centre. 

For, join OA, OB, OC ; then (Art. 86) 

cos OB = cos BD cos OD, 

cos OC == cos DC cos OD. 

.-. OB = OC. Similarly, OC = OA. 
Now the angle 

OAB = OBA, OBC = OCB, OCA = OAC. 
.\ OCB + A=|(A + B + C) = S. 

.-. OCB = S-A. 
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Let OC = R ; then, in the triangle ODC, we have 

cos OCD = tan CD cot CO = tan £ a cot R . (Art. 86) 

... tanR = tajl * a (1) 

cos(S-A) V ; 

or tauR = -52|S (Art.96)(2) 

Also cos (S - A) = cos £[(B + C) - A] 

= cos|(B + C) cos£ A + sin£(B + C) sin£ A 

= sin ^ Acos ^ A [cos^(& + c)-f-cosj-(^c)] (Art. 98) 
cos^-a 

sin A , , , 
= cos+6cos+c, 

cos^a 
which in (1) gives 

tanR = *™& (3) 

sin A cos £6 cos £c 

= 2siniasini68ini£ (Art gg) (4) 

n 



1. Prove cos s + cos (s — a) -f- cos (s — b) + cos (s — c) 

= 4 cos b a cos b b cos % c. 

2. Prove cos (s — 6) + cos (s — c) — cos (s — a) — cos * 

= 4 cos £ a sin £ 6 sin •£ a 

AREAS OF TRIANGLES. 

117. Problem. — To find the area of a spherical triangle 
having given the three angles. 

Let r = the radius of the sphere. 

E = the spherical excess = A -f- B -f- C — 180°. 
K = area of triangle ABC. 
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It is shown in Geometry (Art. 738) that the absolute area 
of a spherical triangle is to that of the surface of the sphere 
as its spherical excess, in degrees, is to 720°. 

180° v ' 

118. Problem. — To find the area of a triangle, having 
given the three sides. 

Here the object is to express E in terms of the sides. 

I. Cagnoli's Theorem. 

sin £E = sin £(A + B + C - *■) 

= sin£(A + B) sin£C - cos*(A + B) cos*C 

= 8in i Ccos * c [cos l(a - b) - cos i(a + &)] . (Art. 98) 
cos Jc 

_ sin^asin^ftsinC _ sin^asin^6 2n • * , q-w- 

cos^c cos^c sin a sin b 

.-. sin£E = - 5_ (2) 

2 cos $a cos $b cos $c 

II. Lhuilier's Theorem. 

taniE = siD KA + B-f-C-.) 
t cosi(A + B + C-ir) 

= sini(A + B)-sin£fr--C) (j ^ 41) 

cosi(A + B) + cosi(7r-C) v ' 

= sinj(A + B)--cos^C 
cos£(A + B) + sin£C 

= cos^(a-&)-cos|c m cos^C ^^ 9g x 

cosi(a + &) + cos^c sin£C 

= sinK*-&)sini(s-a) coHC (Art. 41) 

COs£sCOs£(s — c) 



= Vtan^stan^(s-a)tan^(s-6)tan^(«-c) (Art. 95) (3) 
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119. Problem. — To find the area of a triangle, having 
given two sides and the included angle. 

cos£E=cos[£(A + B)-(£,r-£C)] 

= cos£(A + B) sin£C + sin£(A + B) cos£C 

= cos£(a+6)sin 2 £C+cos£(a--&)cos 2 £C (Art. 98) 

= [cos£acos£&+sin£asin£6cosC]sec£c . . (1) 

Dividing (1) of Art. 118 by this equation, and reducing, 
we have 

tanjE = tan£atan£6sinC (2) 

1 + tan £ a tan £ b cos C 



EXAMPLES. 

1. Given a = 113° 2' 56".64, b = 82° 39' 28".4, c = 74° 54' 
31 ".06; find the area of the triangle, the radius of the 
sphere being r. 

By formula (3) of Art. 118, 

a = 113° 2' 57" 



6 = 82° 39' 28" 
c = 74° 54' 31" 

2 s = 270° 36' 56" 



8 = 135° 18' 28" 

s-a = 22° 15' 31", 
8-6 = 52° 39' 0", 
*-c= 60° 23' 57". 






$8 = 67° 39' 14" 
£(s-a) = ll° 7' 46" 
£(*-&) = 26° 19' 30" 
£(8-c) = 30°ll'58" 

log tan is = 0.38608 
log tan |(8 - a) ±= 9.29386 
log tan i(s -b) = 9.69441 
log tan i(s - c) = 9.76492 

logtan 2 £E = 9.13927 

log tan |E = 9.56964. 

JE = 20°21'58".5. 

E = 81° 27' 54" 

= 293274". 

. . . [(1) of Art. 117] 
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2. Given A = 84° 20' 19", B = 27° 22' 40", C = 75°33'; 
find E = 7°15'59". 

3. Given a = 46° 24', b = 67° 14', c = 81° 12' ; 
find K-tttftt* 

4. Given a = 108° 14', b = 75° 29', c = 56° 37' ; 
find E = 48° 32' 34". 

5. Prove coslE = 1 + cosa + cos6 + cosc 

4cos£acos£6cos£c 

_ cos 2 ^-a + cos 2 ^6 -f- cos 2 ^c — 1 
2 cos^a cos ^6 cos^-c 

6. " flinlE^ v p^ gsin ^ ( ^ a)sin * ( ^ &)sin ^ (8TI ^ 

Af cos^a cos£5 cos^c. 

7. " cos iE= v /^ s ^ cos ^- a)cos ^ 8 ~^ cos ^~ c ^ 

if cos^acos£6cos£c 



EXAMPLES. 

Prove the following : 

1. sin(s — a) -f sin(s — b) -f- sin(* — c) — sin* 

= 4 sin^a sin£& sin^c. 

2. sins -f sin (* — b) + sin(* — c) —■ sin(* — a) 

= 4 sin^a cos £6 cos£c. 

3. sin 2 * + sin 2 (* — a) + sin 2 (* — b) + sin 2 (* — c) 

= 2(1 — cos a cos 6 cos c). 

4. sin 2 s + sin 2 (s — a) — ■ sin 2 (* — b) — sin 2 (* — c) 

= 2 cos a sin b sine. 

5. cos 2 * + cos 2 (s — a) + cos 2 (s — 6) -f- cos 2 (s — c) 

= 2(1 -fcosa cost cose). 
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6. cos 2 s -f cos 2 (s — a) — cos 2 (s — b) — cos 2 (s — c) 

= — 2 cos a sin 6 sine. 

7. In an equilateral triangle, tan K = 2 tanr. 

8. Given a =108° 14', 6 = 75° 29', c = 56°37'; 

find E = 48° 32' 34".5. 

9. Given a = 63° 54 f , b = 47° 18', c = 53° 26' j 

find E = 24° 29' 49£". 

10. Given a = 69° 15' 6", b = 120° 42' 47", c = 159° 18' 33" ; 

find E = 216° 40' 23". 

11. Given a = 33° 1' 45", b = 155° 5' 18", C = 110° 10' ; 

find E = 133° 48' 55 ,! . 

12. Given a = b = c = 1°, on the earth's surface ; 

find E = 27".21. 

13. Given a = b = c = 60°, on a sphere of 6 inches radius ; 
find the area of the triangle. Ans. 19.845 square inches. 

14. If a=&"=^, and c=^, prove sin£E=J, and cosE=£. 

15. If C = ^, prove sin \ E = sin \ a sin £ 6 sec J c, and 
cos^E = cos^a cos^fc sec^c. 

16. If a = 6, and C = ^, prove tan E = \ tan a sec a. 

17. If A-j-B+C=2tt, prove cos 2 \ a -f cos 2 %b + cos 2 £c=l. 

18. If a -f b = 7T, prove that E = C ; and if E' denote the 
spherical excess of the polar triangle, prove that 

sinJE' = sinacos£C. 
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120. Table of Formula. 



1. 



a 



PLANE TRIGONOMETRY. 
b C 



sin A sin B sin C 
2. a 8 = 6 8 + c*-2&ccosA 



(Art. 55) 
(Art. 56) 



3 a+j = tan}(A + B) (Art 57) 

a-b tan£(A-B) v ' 



L si niA=Jii^M^_£l 



5. cos 



^-aFP 1 



6. taHA=JE3HIE! 

\ s (s — a) 



(Art. 59) 



7. sin A = — V*(« — a) (s — 6) (s — c) . . 
6c 



. (Art. 60) 



= -^V2&V + 2cW + 2a 2 &*-a 4 - 
2 be 

. 8. Area of A = Vs(s — a) (s — &) (* — c) . 



9. Area of A = - (a -f- b -f- c) = rs 



10. 



=v^^ 



— a) (s — &) (s — c) 



s 



6 4 - c 4 . 

. (Art. 61) 

. (Art. 62) 



11. 



K = 



abc 

4S 



(Art. 63) 



For other formulae of Plane Trigonometry, see p. 68. 



12. COSC 

13. sin b 

14. sin a 
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cos a cos b ^ 



sin B sin c 

sin A sine „ 



(Art. 85) 



TABLE OF FORMULAE. 
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15. cos C = — cos A cos B "" 

16. sin B = sin b sin C > 

17. sin A = sin a sin C 



18. 



sin a sin b sin c 



sin A 

19. cos a 

20. cos b 

21. cose 

22. cos A 

23. cosB 

24. cosC 



25. sin^A 



i 



sin B sin C 

cos b cos c + sin 6 sin c cos A 
cos c cos a '+ sin c sin a cos B . 
cos a cos 6 + sin a sin b cos C J 
—cos B cos C + sin B sin C cos a 

— cos C cos A + sin C sin A cos b 

— cos A cos B -f sin A sin B cos c 



V sin (s — b) sin (a— c) 
sin b sin c 



26. cosiA= x SI in <, 8 - a ) - 

\ sin & sin c 



27. tan^A 



=v 



sin (3 — b) sin (3 — c) 
sin 8 sin (s — a) 



(Art. 89) 



(Art. 90) 



. (Art. 91) 



(Art. 192) 



(Art. 95) 



> 



28. sin A = 



2 Vsin 8 sin (3 — a) sin (s — 6) sin (s — c) 

sin b sin c 



29 



. , „ /— cos S cos (S — A) 
\ sin B sin C 



• • 



(Art. 96) 



30. cos£a=*/- 



cos (S - B) cos (S - C) 
sin B sin C 



> 



31. tan J a / cos S cos (S- A) 

1 \ cosCS-B^cosfS- 



cos (S - B) cos (S - C) 



32. sin a = 



2V-CQS S cos(S- A) cos(S-B) cos(S-C) 

sin B sin G 
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• • 



33. tan UA + B) = cos M tt "~ b ] cot *C 

2V ' cos£(a + &) 

34. tani(A-B) = s | n t^ a ""^ cotiC 

* v ' sini(a + 6) * 

36. tan *(<* 4- b) = C08 t^"^ tanlc 
* v ' cos£(A + B) * 

36. tan£(a-6) ° B ? n - ffi~"ff tani* 

* v ' sin*(A + B) ¥ 

37. sin £(A + B) cos £c = cos J(a — b) cos ^C 

38. sin £(A — B) sin £c = sin £(a — 6) cos £C 

39. cos J(A -f- B) cos Jc = cos J(a -f- 6) sin £C 

40. cosJ(A — B) sin£c=sin£(a-f-6) sin JC 

41. tanr 



(Art. 97) 



(Art. 98) 



-^ 



sin (s — a) sin (s — b) sin (s — c) 

sins 
n 



sins 



► (Art. 115) 



42. tanR = 2sin * asin * 6sin * c (Art. 116) 

n 

43. K = area of A = ^-vt* (Art. 117) 



44. sin£E = 



n 



2 cos i a cos $b cos i c 



. . . (Art. 118)1 






46. tan£E = Vtan£stan£(s— a)tan£(s— 6)tan£(s— c) , 



<'/» 
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Shepard'S Inorganic Chemistry. Descriptive and qualitative; experimental and induc- 
tive; leads the student to observe and think. For high schools and colleges. $1.12. 

Shepard's Briefer Course in Chemistry, with chapter on Organic Chemistry. For schools 
giving a half year or less to the subject, and schools limited in laboratory facilities. 80 cts. 

Shepard'S Laboratory Note-Book. Blanks for experiments; tables for the reactions of 
metallic salts. Can be used with any chemistry. Boards. 35 cts. 

Spalding's Introduction to Botany. Practical exercises in the study of plants by the 
laboratory method. 80 cts. 

Stevens's Chemistry Note-Book. Laboratory sheets and cover, with separate cover for 
permanent file. 50 cts* 

Venable's Short History of Chemistry. $1.00. 

Whiting's Physical Measurement. I. Fifty measurements in Density, Heat, Light, and 




Whiting's Mathematical and Physical Tables. Paper. 50 cts. 
Williams's Modern Petrography. Paper. 25 cts. 

For elementary works see our list of 
books in Elementary Science* 

D.C.HEATH feT CO., Publishers, Boston,New York, Chicago. 



Elementary English. 



Badlam's Suggestive Lessons in Language and Reading, a manual for pri- 
mary teachers. Plain and practical. $1.50. 

Badlands Suggestive Lessons in Language. Being Part i and Appendix of 

Suggestive Lessons in Language and Reading. 50 cts. 

Benson's Practical Speller. Contains nearly 13,000 words. Part I, 261 Lessons, 
18 cts. ; Part II, 270 Lessons, 18 cts. Parts I and II bound together, 25 cts. 

Benson and Glenn's Speller and Definer. Seven hundred spelling and defining 
lists. 40 cts. 

Branson's Methods in Reading. With a chapter on spelling. 15 cts. 

Buckbee'S Primary Word BOOk. Embraces thorough drills in articulation and in 
the primary difficulties of spelling and sound. 25 cts. 

Fuller's Phonetic Drill Charts. Exercises in elementary sounds. Per set (3 charts) 
10 cents. 

Hall'8 HOW tO Teach Reading. Treats the important question : what children should 
and should not read. Paper. 25 cts. 

Hyde'S LeSSOnS in English, BOOk I. For the lower grades. Contains exercises 
for reproduction, picture lessons, letter writing, uses of parts of speech, etc. 35 cts. 

Hyde'S LeSSOnS in English, BOOk II. For Grammar schools. Has enough tech. 
nical grammar for correct use of language. 50 cts. 

Hyde's Lessons in English, Book II with Supplement. Has, in addition to 

the above, 1 18 pages of technical grammar. 60 cts. Supplement bound alone, 30 cts. 

Hyde'S Practical English Grammar. For advanced classes in grammar schools 
and for high schools. 50 cts. 

Hyde'S Derivation Of Words. With exercises on prefixes, suffixes, and stems, xo cts. 

Mathews's Outline of English Grammar, with Selections for Practice. 

The application of principles is made through composition of original sentences. 70 cts. 

Penniman's Common Words Difficult to Spell. Graded list of 3500 common 

words. 20 cts. 

Penniman's Prose Dictation Exercises. For drill in spelling, punctuation and use 

of capitals. 25 cts. 

Phillips's History and Literature in Grammar Grades. An essay showing 

the intimate relation of the two subjects. 15 cts. 

Sever'S Progressive Speller. Gives spelling, pronunciation, definition, and use of 
words. Vertical script is given for script lessons. 25 cts. 

Smith's Studies in Nature, and Language Lessons. A combination of object 

lessons with language work. 50 cts. Part I bound separately, 25 cts. 

Spalding's Problem of Elementary Composition. Practical suggestions for 

work in grammar grades. 40 cts. 

See aUo our lists of books in Higher English , English Classics, 
Supplementary Reading, and English Literature. 

D. C. HEATH & CO.,Publishers, Boston, NewYork, Chicago 



Higher English. 



Bray's History of English Critical Terms. A vocabulary of 1400 critical 

terms used in literature and art, with critical and historical data for their study. 

Cloth. 351 pages. $1.00. 
Cook's Judith. With introduction, translation and glossary. Cloth. 170 pages. 

$1.00. Studcnfs Edition, without translation. Paper. 104 pages. 30 cents. 
Hall's Beowulf. A metrical translation of this ancient epic. Octavo. 1 18 pages. 

Cloth, 75 cents. Paper, 30 cents. 

Kluge and Lutz's English Etymology. A select glossary for use in the 
study of historical grammar. Cloth. 242 pages. 60 cents. 

MacEwan's The Essentials of Argumentation. A systematic discussion of 
principles, with illustrative extracts; full analysis of several masterpieces, 
and a list of propositions for debate. Cloth. 430 pages. $1.12. 

Meiklejohn's The English Language. Part I— English Grammar ; Part II — 
Composition and Versification ; Part III — History of the English Lan- 
guage; Part IV— History of English Literature. Cloth. 396 pages. #1.20. 

Meiklejohn'8 English Grammar. Contains Part I and II of Meiklejohn's The 
English Language, with exercises. Cloth. 276 pages. 80 cents. 

O'Conor'8 Rhetoric and Oratory. A manual of precepts and principles, with 
masterpieces for analysis and study. Cloth. 352 pages. $1.12. 

Pearson's The Principles of Composition. Begins with the composition 
as a whole. Paragraphs, sentences and words are treated later, and in this 
order. Cloth. 165 pages. 50 cents. 

Strang's Exercises in English. Examples in Syntax, Accidence, and Style, 
for criticism and correction. New edition, revised and enlarged. Cloth. 160 
pages. 45 cents. 

William's Composition and Rhetoric. Concise, practical, and thorough, with 
little theory and much practice. Cloth. 344 pages. 90 cents. 

Monographs on English. 

Bowen's Historical Study of the O-vowel. Cloth. 109 pp. . . . $1.25 

Genung's Study of Rhetoric in the College Course. Paper. 32 pp. . . .25 

Hempl's Chaucer's Pronunciation. Stiff Paper. 39 pp .50 

Huffcut's English in the Preparatory School. Paper 28 pp. ... .25 

Woodward's Study of English. Paper. 25 pp .25 

See also our list of books in Elementary English, 
English Literature and English Classics* 

D. C. HEATH & CO.,Publishers, Boston, New York, Chicago 



Heath's English Classics. 



Addison's Sir Bom de Corerley Papers. Edited, with introduction and notes, by W. H. 
Hudson, Professor of English Literature in the Leland Stanford Junior University, 
doth. 23s pages. Nine full-page illustrations and two maps. 40 cts. 

Burke's Speech on Conciliation with America. With introduction and notes by Andrew 
J. George, Master in the Newton (Mass.) High School Boards. 119 pages. 35 cts. 

Caxlyle'l Essay on Barns. Edited, with introduction and notes, by Andrew J. George. 
Cloth. 159 pages. Illustrated. 30 cts. 

Coleridge's Rime of the Ancient Mariner. Edited by Andrew J. George. The text of 
1817, together with facsimile of the original text of 1798. Cloth. 150 pages. Illustrated. 
30 cts. 

Cooper'8 Last Of the Mohicans. Edited by J. G. Wight, Principal Girls' High School, 
New York City. With maps and illustrations. In preparation, 

DeOuincey's Flight of a Tartar Tribe. Edited, with introduction and notes, by G. A. 
wauchope, Professor of English Literature in the University of South Carolina. 
Cloth, us pages. 30 cts. 

Dryden's Palamon and Aldte. Edited, with notes and critical suggestions, by William 
H. Crawshaw, Professor of English Literature in Colgate University. Cloth. 158 
pages. Illustrated. 30 cts. 

George BliOt'S Silas Marner. Edited, with introduction and notes, by G. A. Wauchope, 
Professor of English Literature in the University of South Carolina. Cloth. 000 pages. 
00 cts. 

Goldsmith's Vicar of Wakefield. With introduction and notes by William Henry Hud- 
son. Cloth. 300 pages. Seventeen full-page illustrations. 50 cts. 

Macaulay 's Essay on Milton. Edited by Albert Perry Walker, editor of Milton's 
" Paradise Lost," Master in the English High School, Boston. Ready soon. 

Macaulay '8 Essay on Addison. Edited by Albert Perry Walker. Ready soon. 

Milton's Paradise Lost. Books I and LI. With selections from the later books, with in- 
troduction, suggestions for study, and glossary by Albert Perry Walker. Cloth. 
288 pages. Illustrated. 45 cts. 

Milton's Minor Poems. Lycidas, Comus, L' Allegro, II Penseroso, etc., edited, with 
introduction and suggestions for study, by Albert Perry Walker. Cloth. 000 
pages. Illustrated. 00 cts. 

Pope '8 Translation of the Iliad. Books I, VI, XXII, and XXIV. Edited, with intro- 
duction and notes, by Paul Shorby, Professor in the University of Chicago. In prepar- 
ation. 

Scott's Ivanhoe. In preparation. 

Shakespeare's Macbeth. Edited by Edmund K. Chambers, lately of Corpus Christi 
College, Oxford. In the Arden Shakespeare series. Cloth. 188 pages. 40 cts. 

Shakespeare's Merchant of Venice. Edited by H. L. Withers. In the A rden Shake- 
speare series. Cloth. 178 pages. 40 cts. 

Tennyson's Enoch Arden and the two Locksley Halls. Edited, with introduction and 
notes, by Calvin S. Brown, Professor in the university of Colorado. Cloth. 168 pages. 
35 cts. 

Tennyson's The Princess. With introduction and notes by Andrew J. George, Master 
in the Newton (MassJ High School. Cloth. 336 pages. Illustrated. 40 cts. 

Webster's First Bunker Hill Oration. With introduction and notes by Andrew J. 
George. Boards. 55 pages. 30 cts. 

See also our lists of books in English Literature and Higher English. 

D.C. HEATH & CO.,Publishers, Boston, New York, Chicago 



English Literature. 



The Arden Shakespeare. The plays in their literary aspect, each with introduction, Intev 
pretative notes, glossary, and essay on metre. 40 cts. 

Burke '8 American Orations. (A. J. George.) Five complete selections. 50 cts. 

Burns'8 Select Poems. (A.J. George.) 118 poems chronologically arranged, with intro- 
duction, notes and glossary. Illustrated. 75 cts. 

Coleridge ' s Principles of Criticism. (A. J. George.) From the Biographia Liter aria. 
With portrait. 60 cts. 

Cook's Judith. With introduction, translation, and glossary. Cloth. 170 pages. $1.00. 
Student's Edition, without translation. Paper. 104 pages. 30 cts. 

Cook's The Bible and English Prose Style. 40 cts. 

Corson's Introduction to Browning. A guide to the study of Browning's poetry. Also 
has 33 poems with notes. With portrait of Browning. £1.00. 

Corson's Introduction to the Study of Shakespeare. A critical study of Shakespeare's 
art, with comments on nine plays. £1.00. 

Davidson's Prolegomena to Tennyson's In Memoriam. A critical analysis, with an index 
of the poem. 50 cts. 

DeQuincey's Confessions of an Opium Eater. (G. A. Wauchopb.) A complete and 
scholarly edition. 50 cts. 

Hall's Beowulf. A metrical translation. 75 cts. Student's edition, 30 cts. 

Hawthorne and Lemmon's American Literature. Contains sketches, characterizations, 
and selections. Illustrated with portraits. $i.za. 

HodgKlns's Nineteenth Century Authors. Gives full list of aids for library study of a6 
authors. A separate pamphlet on each author. Price, 5 cts. each, or $3.00 per hun- 
dred. Complete in cloth. 60 cts. 

Meiklejohn's History of English Language and Literature. For high schools and 
colleges. A compact and reliable statement of the essentials. 80 cts. 

Moulton'8 Pour Tears of Hovel-Reading. A reader's guide. 50 cts. 

Moulton'8 Literary Study Of the Bible. An account of the leading forms of literature 
represented, without reference to theological matters. £2.00. 

Plumptre's Translation of Aeschylus. With biography and appendix, f 1.00. 

Plumptre's Translation of Sophocles. With biography and appendix. $1.00. 

Shelley's Prometheus Unbound. (Vida D. Scudder.) With introduction and notes 
60 cts. 

Simonds's Introduction to the Study of English Fiction. With illustrative selections. 
80 cts. Briefer Edition, without illustrative selections. Boards. 30 cts. 

Simonds's Sir Thomas Wyatt and his Poems. With biography, and critical analysis of 
his poems. 50 cts. 

Webster's Speeches. (A. J. George.) Nine select speeches with notes. 75 cts. 

Wordsworth's Prefaces and Essays on Poetry. (A. J. George.) Contains the best of 
Wordsworth's prose. 50 cts. 

Wordsworth's Prelude. (A. J. George.) Annotated for high schools and colleges. Never 
before published alone. 75 cts. 

Selections from Wordsworth. (A. J. George.) 168 poems chosen with a view to illus- 
trate the growth of the poet's mind and art. 75 cts. 

See also our list 0/ books in Higher English and English Classics. 

D. C. HEATH & CO., Publishers, Boston, NewYork, Chicago 



History. 



ThomAS's Ldstory of the United States. For schools, academies, and the general 
reader. A narrative history with copious reft 
Illustrated. 53a pages. Half leather, Si.ia. 



reader. A narrative history with copious references to sources and authorities. Fully 

. Hal" 



Wilson's Compendium of United States and Contemporary History. 

For schools and the general reader. 40 cts. 

Sheldon's American History. Follows the "seminary" or laboratory plan. "By 
it the child is not robbed of the right to do his own thinking.** Half leather. Si J5. 

Teacher's Manual to Sheldon's American History, a key to the above 

system. 60 cts. 

Sheldon's General History. For high school and college. The only general history 
following the " seminary'' or laboratory plan. Half leather. #1.75. 

Sheldon's Greek and Roman History. Contains the first 250 pages of the above 
book, fi.00. 

Teacher's Mannal to Sheldon's History. Puts into the instructor's hand the k*y 

to the above system. 8$ cents. 

Sheldon's Studies in Historical Method. A manual for teachers and students. 
Cloth. 90 cents. 

Allen's Topical Outline Of English History, Including references for literature. 
Cloth. 40 cts. 

Shumway'S A Day in Ancient Rome. With 59 illustrations. Should find a place 
as a suftUmmUtry r$adtr in every high-school class studying Cicero, Horace, Taci- 
tus, etc 7S cts. 

Allen's History Topics. Covers Ancient, Modern, and American history, and gives 
an excellent list of books of reference, mi pages. Paper, 30 cts. 

Fisher's Select Bibliography of Ecclesiastical History. An annotated list of 

the most essential books for a theological student's library. 15 cts. 



Hall's Method Of Teaching History. " Its excellence and helpfulness ought to 
secure it many readers."— Tk* Nation. $1.50. 

Boutwell's The Constitution of the United States at the End of the First 

Century. Presents the constitution as it has been interpreted by decisions of the 
United States Supreme Court ; with an historical chapter. 430 pages. Buckram, £2.50; 
Full law sheep, £3.50. 

Wenzel's Comparative View of Governments. Gives in parallel columns com- 
parisons of the governments of the United States, England, France, and Germany. a6 
pages. Paper, aa cts. 

Wilson's The State. Elements of Historical and Practical Politics. A book on the 
organisation and functions of government for schools and colleges. 790 pages. $a«oo» 



D. C. HEATH & CO., PUBLISHERS. 

BOSTON. NEW YORK. CHICAGO 



DRAWING AND MANUAL TRAINING. 



Anthony's Mechanical Drawing. 98 pages of text, and 3 a folding plate*. *i. S o. 
Anthony's Machine Drawing. 50 pages of text, and i 5 folding plates. *x.a 5 . 
Daniels' Freehand Lettering. 34 pages of text, and x 3 folding plates. 85**. 
Lunt's Brushwork for Kindergarten and Primary School. x8 lesson-cards 

in colors, with teacher's pamphlet, in envelope. 30 cts. 

Johnson's Progressive Lessons in Needlework. Explains needlework from its 

rudiments and gives* with illustrations full directions for work during six grades. 1x7 
pages. Square 8vo. Cloth, #1.00. Boards, 60 cts. 

Seidel'8 Industrial Instruction (Smith). A refutation of all objections raised against 
industrial instruction. 270 pages. 90 cts. 

Thompson's Educational and Industrial Drawing. 

Primary Free-Hand Series (Nos. 1-4). Each No., per doz., fx.oo. 
Primary Free- Hand Manual. 1x4 pages. Paper. 40 cts. 
Advanced Free-Hand Series (Nos. 5-8), Each No., per dox., $1.5* 
Model and Object Series (Nos. 1-3). Each No., per doz., $1.75. 
Model and Object Manual. 84 pages. Paper. 35 cts. 
iEsthetic Series (Nos. 1-6). Each No., per doz., #1.50. 
-/Esthetic Manual. 174 pages. Paper. 60 cts. 
Mechanical Series (Nos. 1-6). Each No., per doz., #1.00. 
Mechanical Manual. 172 pages. Paper. 75 cts. 

Thompson's Manual Training, NO. Z. Treats of Clay Modelling, Stick and 
Tablet Laying, Paper Folding and Cutting, Color, and Construction of Geometrical 
Solids. Illustrated. 66 pages. Large 8vo. Paper. 30 cts. 

Thompson's Manual Training, NO. 2. Treats of Mechanical Drawing, Clay. 
Modelling in Relief, Color, Wood Carving, Paper Cutting and Pasting. Illustrated. 
70 pp. Large 8vo. Paper. 30 cts. 

Waldo's Descriptive Geometry. A large number of problems systematically ar- 
ranged, with suggestions. 85 pages. 90 cts. 

Whitaker's How to Use Wood Working Tools. Lessons in the uses of the 

universal tools : the hammer, knife, plane, rule, chalk-line, square, gauge, chisel, saw, 
and auger. 104 pages. 60 cts. 

Woodward's Manual Training School, its aims, methods, and results; with 

detailed courses of instruction in shop-work. Fully illustrated. 374 pages. Octavo, fa.oo. 
Sent postpaid by mail on receipt of price. 
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Heath's Pedagogical Library 

I. Compayrtf 's History of Pedagogy. " The best and most comprehensive hi* 

tory of Education in English/ — Dr. G. S. Hall $1.75. 
II. Compayri's Lectures on Teaching. " The best book in existence on theory 
and practice." — Pres. MacAlistbr, Drexel Institute. $1.75. 

III. Oompayri ' 8 Psychology Applied to Education . 90 cts. 

IV. Rousseau's Smile. " Perhaps the most influential book ever written on the 

subject of education." — R. H. Quick. 90 cts.; paper, 25 cts. 
V. Peabody's Lectures to Kindergartners. Illustrated. $1.00. 
VI. Pestalozzi's Leonard and Gertrude. Illustrated. 90 cts. ; paper, 25 cts. 
VII. Radestock's Habit in Education. 75 cts. 

VIII. Rosmini'S Method in Education. "The most important pedagogical work 
ever written." — Thomas Davidson. $1.50. 
IX. Hall's Bibliography of Education. Covers every department $1.50. 
X. Gill's Systems of Education. $1.15. 

XI. .DC Garmo'S Essentials Of Method. A practical exposition of methods with 
illustrative outlines of common school studies. 65 cts. 
XII. Malleson's Early Training of Children. 75 cts.; paper, 95 cts. 

XIII. Hall's Methods Of Teaching History. A collection of papers by leading edu- 

cators. $1.50. 

XIV. Hewsholme' s School Hygiene. 75 cts. ; paper, 25 cts. 

XV. De Garmo'S Lindner's Psychology. The best manual ever prepared from the 
Herbartian standpoint. $1.00. 

XVI. Lange'S Apperception. The most popular monograph on psychology and 

pedagogy that has as yet appeared. $1.00. 
XVII. Methods of Teaching Modern Languages. 90 cts. 

XVIII. Felkin's Herbart's Introduction to the Science and Practice of Education. 
With an introduction by Oscar Browning. $1.00. 
XIX. Herbart's Science Of Education. Includes a translation of the AUgemeine 
Padagogik. $1.00. 

XX. Herford's Student's ProebeL 75 cts. 

XXI . Sanf ord ' s Laboratory Course in Physiological Psychology. 90 cts. 
XXII. Tracy's Psychology of Childhood. The first treatise covering in a scientific 
manner the whole field of child psychology. 90 cts. 

XXIII. Ufer's Introduction to the Pedagogy of Herbart. 90 cts. 

XXIV. Munroe's Educational Ideal. A brief history of education. $1.00. 

XXV. Lukens's The Connection between Thought and Memory. Based on 
D3rpfeld's Denken und Gtdachtnis. $1.00. 
XXVI. English in American Universities. Papers by professors in twenty represen- 
tative institutions. $1 .00. 
XXVII. Comenius's The School of Infancy. $1.00. 
XXVIII. Russell's Child Observations. First Series: Imitation and Allied Activities. 
$1-50. 
XXIX. Lefevre's Number and its Algebra. $1.25. 
XXX. Sheldon-Barnes's Studies in Historical Method. Method as determined by 

the nature of history and the aim of its study. 90 cts. 
XXXI. Adams's The Herbartian Psychology Applied to Education. A series of es- 
says in touch with present needs. $1.00. 
XXXII. Roger Ascham's The Scholemaster. $1.25. 
XXXIII. Thompson's Day Dreams of a Schoolmaster. $1.25. 

Richter'8 Levana; or, The Doctrine of Education. "A spirited and 
scholarly book."— Prof. W. H. Paynb. $1.40. 



Sent by mail, postpaid, on receipt of price. 
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